TORIC RESIDUE CODES:I
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ABSTRACT. In this paper, we begin exploring the construction of algebraic codes from toric varieties using
toric residues. Though algebraic codes have been constructed from toric varieties, they have all been
evaluation codes, where one evaluates the sections of a line bundle at a collection of rational points. In the
present paper, instead of evaluating sections of a line bundle at rational points, we compute the residues
of differential forms at these points. We show that this method produces codes that are close to the dual
of those produced by the first technique. We conclude by studying several examples, and also discussing
applications of this technique to the construction of quantum stabilizer codes and also to decryption of toric
evaluation codes.
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1. Introduction

This is the first in a series of papers exploring the construction of algebraic codes using toric residues. The
technique of toric residues was introduced by David Cox in [3], and studied extensively by several authors:
see [4], [6], [7], and [8]. The present paper started with trying to apply the corresponding toric residue
theorems to construct codes from toric varieties which could be candidates for duals of toric evaluation
codes. For this, one needs to resolve problems on several fronts:

e The first is to establish certain basic results for toric residues over finite fields, extending those already
studied and worked out in the above papers. (See Theorem 1.1 below, for example.)

e A technique that has proven convenient for constructing evaluation codes from higher dimensional
varieties is to apply methods of intersection theory. (See [14] and [15].) One needs to extend such techniques
to codes constructed using toric residues. (See Section 3.2.)

e In the case of projective algebraic curves, the Riemann-Roch theorem enables one to compute the
parameters of the dual code, and the residue theorem enables one to relate residue codes on curves to the dual
of evaluation codes. One also needs to find suitable replacements for these techniques. (See Proposition 4.9
and Corollary 4.11.)

e In order to apply the above techniques to the construction of quantum stabilizer codes, one needs to be
able to apply the above techniques to construct codes that contain their dual codes. (See Theorem 4.14.)

In the present paper we make a start in this direction, by developing the general theory for toric varieties
and performing explicit computations for various toric surfaces. We hope to consider higher dimensional
cases such as toric three-folds in future work. A major motivation for us in studying toric residue codes is
to construct quantum stabilizer codes from toric varieties. It perhaps needs to be pointed out that so far,
the only algebraic geometry codes that have been used to produce such quantum stabilizer codes are codes
based on curves: our techniques seem to open up a way to produce such codes not only from toric surfaces,
but also from all higher dimensional projective smooth toric varieties.

We will presently try to condense the main ideas of the paper. We begin with evaluation codes in section
2. If X is a toric variety, defined over the finite field k, F is a divisor on X and P = {Py,--- , Py} is a
set of k-rational points on X not contained in the polar part of F, it is well known that one may construct
evaluation codes by evaluating sections of the line bundle Ox (F) at the points in P. The parameters of
such codes have been analyzed (mainly for toric surfaces) using intersection theory: see [14].

The new construction we introduce here is that of residue codes, where instead of the set of sections of a
line bundle, I'(X, Ox (F)), one starts with T'(X,wx (E)), which is a set of differential forms, and takes the
(local) residues of these forms at the given k-rational points P = {Py,---, P, }. Such residue codes have
been so far considered only for curves, and their importance, at least for curves, stems from the fact that
these residue codes on curves provide duals to the evaluation codes. (Here dual means the dual code in
the sense of standard coding theory.) In fact, the classical residue theorem for curves plays a key role in
proving the appropriate form of duality in this context which then makes it possible to construct quantum
stabilizer codes from algebraic curves. Together with Riemann-Roch for curves, one can then estimate the
parameters of evaluation codes and residue codes on complete smooth curves. In Section 2, we review
the basic techniques applying intersection theory to estimate parameters of evaluation codes as well as basic
material on toric residues. Section 3 begins with introducing toric residue codes. We follow this by extending
the Hansen technique of using intersection theory to estimate parameters of residue codes. This is followed
by a detailed list of hypotheses that need to be satisfied by the toric variety and a line bundle on it, so that
one may construct codes from it.

In Section 4, we begin by proving the following theorem which will play a key role in the construction of
toric residue codes. Throughout the paper k will denote a fixed finite field of characteristic p.

Theorem 1.1. (See Theorem 4.3.) Assume that X is a projective smooth toric variety of dimension d
defined over k. Let D;, i =1,--- ,d denote d effective ample divisors on X and let NL_||D;| = {R;} denote
a set of k-rational points. Assume, in addition to the above situation, that for each point R; one is given
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vi(R;) e k™ so that the sum X;v;(R;) = 0. Then there exists a differential form nel(X,w(X;D;)) so that
Resg,(n) = vi(Rs).

This theorem follows along the same lines as the proof of the corresponding statement for non-singular
projective complex algebraic varieties in the place of X: see [13, (3.8) Theorem]. The main difference is
that, such a statement in not true in general in positive characteristic - see [21]; however the technique of
Frobenius splitting for toric varieties enables one to prove such a result for projective smooth toric varieties.
(Thus Frobenius splitting plays a key role in the paper.) We provide a complete proof of this theorem in
Section 4.

For the remainder of the paper, we consider codes, C(X,wx, E,P) where X is a smooth toric variety
defined over a finite field k, E is divisor on X, wx is the sheaf of top-differential forms on X, and P is a
given set of k-rational points on X. The code C(X,wx, F,P) is obtained by taking the residue of differential
forms that satisfy certain conditions along E as defined more precisely in Section 3, at the k-rational points
in P. We prove that such codes, while not strictly the dual of evaluation codes, are nevertheless useful in
estimating the parameters of the duals of toric evaluation codes. This is the content of Proposition 4.9 and
Corollary 4.11, and these may be incorporated into the following main result.

Theorem 1.2. Let X denote a smooth projective toric variety defined over a finite field k = Fon with X
satisfying the basic hypotheses in 3.4. Let P = {Py,---, Py} be a set of k-rational points on X, and D,
E divisors on X all chosen as in 3.3. Then the modified residue code C(X,wx, E,P) (defined as in 4.3)
maps surjectively onto the dual code C(X,E,P)*. Therefore, the dual code C(X,E,P)* has length m
and dimension at least m — P (where P is the number of lattice points in the polytope corresponding to the
effective divisor E); moreover, the minimum distance of C(X, E,P)* is at least the minimum distance of
the residue code C'(X,wx, E,P).

The remainder of this section is devoted to applying this theorem to compute parameters of dual codes:
here the various hypotheses we listed in Section 3 on the choice of rational points and the line bundle play
an important role. Theorem 4.14 then shows how to obtain codes containing their dual codes this way which
would be useful in constructing quantum stabilizer codes on toric surfaces.

In Section 5, we discuss several examples in detail: for example, construction of toric residue codes on the
projective plane, the projective plane with a point blown-up, and on Hirzebruch surfaces F5. One cannot
construct quantum stabilizer codes for the usual P?; however, one may nevertheless produce toric residue
codes from this example which we analyze in depth. We also explicitly compute the dimensions of the space
of global sections for the residue code and the dual code in this case: this analysis seems valid only over
the complex numbers, but nevertheless we hope it sheds some insight into the relationship between the
dimensions of these two spaces of global sections as stated in the last theorem. This is followed by studying
some applications of these techniques. This is explored in Section 6 following upon the discussion in the last
two examples discussed in Section 5. One may summarize some of these results in the following examples.
In both of these examples ¢ = |k*| = 22 — 1. In each case, a quantum stabilizer code with length = m
(which is the number of k-rational points where the residues are taken), dimension kg, and distance dg is
constructed by starting with two (classical) residue codes with parameters m, k, d and m, k', d’. (The reader
may consult the beginning of Section 6, where we recall some of the background material on the construction
of quantum stabilizer codes. The values of k, k', d and d’ are computed in the last two examples in Section
5.)

Examples 1.3. The projective space P? with a point blown-up. In this case we construct quantum
stabilizer codes with parameters given by

(1.0.1) kg = 2t(k + k' —n) > 2t((14/60)c? — (434/60)c)
dg = min(d,3/2d") > ¢*/2 + (1/6)c + 2

The Hirzebruch surface F5. In this case the parameters of the corresponding quantum stabilizer codes
are given by

(1.0.2) kg = 2t(k + k' —n) > 2t((10/24)c* — (271/30)c)
dg = min(d,3/2d") > ¢*/2 + (13/12)c + 4
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We conclude the paper by discussing briefly applications of toric residue codes to the decryption of toric
evaluation codes. The authors plan to extend these techniques to higher dimensional toric varieties in the
future.

Throughout the paper k will denote a finite field of characteristic p. We will restrict to the category of
smooth projective toric varieties over k. We would like to point out that though we work over a fixed finite
field, it may become necessary to consider a finite extension for all our results to hold fully.

Acknowledgments. The authors would like to thank David Cox for answering several questions on toric
varieties and Michel Brion for pointing out that toric varieties are Frobenius split.

2. Review of basic techniques

In this section, which should serve as a reference, we recall the definition of evaluation codes from algebraic
varieties over finite fields and a technique, first introduced in [14] for estimating their parameters using
methods of intersection theory. We also quickly review rational differential forms on toric varieties and their
residues following [3].

2.1. Evaluation codes and their parameters via intersection theory.

Definition 2.1 (Code definition). Let X be a smooth projective variety of dimension d over a finite field

k, and let £ be a line bundle on X also defined over k. Given P;, Ps,..., Py distinct k-rational points on

X, fix isomorphisms £ pio® k(P;) = k at each stalk (induced from the local triviality of the line bundle £).
X, P;

Define the code C(X, L) as the image of the germ map
M
I'(X.L) - @ Lp, =k
i=1

(It is customary to assume the map « is injective and this will be important in computing the parameters
of the code.) In case £L = Ox(F) = the line bundle associated to the divisor F, and the given points
Py, P, ..., Py are not contained in the polar part of E, this map is evaluation of a section of L, viewed as
a rational function, at each P;. (i.e. We send a section of £, viewed as a rational function f, to the image
of fEOX_’pi/mpi = k)

Remarks 2.2. 1. Observe that the definition of the code using the germ map depends on the choice of a
local trivialization. However, different trivializations clearly lead to equivalent codes.

2. Observe that now I'(X, L) = {fe K(X)|(f) + E >0, or f = 0} where K(X) is the function field of X.

3. By replacing E by an appropriately selected linearly equivalent divisor, one may ensure that the poles of
E and {P;|i} are disjoint; this may require a finite extension of the base field: see [24, p. 134, Theorem 1].
We will henceforth always assume that this hypothesis is satisfied.

Terminology: For the rest of the paper, if Y C P™ is a projective variety and f is an element of the
homogeneous coordinate ring of Y, we denote by Z(f) the set {y € Y : f(y) = 0}.

Next we will consider the following rather well-known result in producing codes from higher dimensional
algebraic varieties.

Theorem 2.3. [14, Theorem 5.9] Suppose X is a smooth and projective variety over k, d = dim X > 2, and
C1,Cy,...,C, are irreducible curves on X with k-rational points Py, P, --- , Pys lying on the union of the
C;s. Assume there are < b k-rational points on each C;. Let L = Ox(G) be a line bundle with associated
divisor G such that the intersection numbers G e C; > 0 for all i. Let
l= sup #{i:C; CZ(s)}
seT(X,L)

where Z(s) is the divisor of zeros of s, s being a section of L. Then the code C(X, L) has length M and
minimum distance

dzM—lb—iGoC’i

=1
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IfGeC; =3 <N for alli then
d>M—-1b—(n—-1)0

In particular, if X is a non-singular surface, H is a nef divisor on X with H e C; > 0, then
DeH
I<—
~ min;{C; e H}
Thus if GeH < C;e H for alli, thenl =0 andd > M — """ GeC;. Moreover if d > 0, then the evaluation
map « in Definition 2.1 is injective.

2.2. (Rational) Differential forms and Residues. To do this systematically we will begin with a discus-
sion of differential forms on projective spaces followed by one on differential forms on smooth toric varieties.
We will closely follow [3] in these.

Let fo,..., fa denote homogeneous polynomials of degree n (in variables x, ..., 24) which do not vanish
simultaneously on k91 except at the origin, and let g be homogeneous polynomial of degree p = (d+1)(n—1).
Then we consider the d-form

d
(2.2.1) Q:Z(—l)ixidxo/\---/\dxi/\---/\dacd
i=0
As is well-known, our assumptions on ¢ and fy,..., fq imply that
g
Wy = ———
7 for fa

descends to a global rational d-form on P?, also denoted wg. The affine open sets
Ui ={z € P: fi(x) # 0}

clearly form an open cover U of P4, and w,, is regular on UpN---NUy, so it is a Cech co-chain in C4(U, Oa).
Further, since & has d + 1 elements, w, is a Cech co-cycle and thus defines a class [w,] € H(U,Qd,) =
HYP,0d,).

ﬂ)/\ - -/\d(x—") since

Observe that on the open affine sub-scheme where ¢ # 0, the form €2 reduces to d(
T To

i—;, cee ”;—’g form a local system of parameters on this sub-scheme.

We will next consider a d-dimensional projective toric variety X over the fixed field k. X is now determined
by a complete fan ¥ in Ng = R?. As usual, M will denote the dual lattice of N = Z? (= the lattice of
characters of the dense torus T'), and 3(1) will denote the set of 1-dimensional cones in X. Each p € ¥(1)
determines a divisor D, on X and a generator n, € NNp. (Standard references for toric varieties are [?] and
[23].) Alternatively, one may assume that the toric variety is defined by a convex polytope in Mg where the
vertices are all assumed to have rational coordinates. One takes the polynomial ring S over the base field k
in variables z,, corresponding to each of the faces p of the polytope. Two monomials II,,, 2! and Hpixgi are
identified if there exists a character m e M so that a,, =< m,n,, > +b,, for all p; where n,, is the primitive
generator in N of the half-line R .p;. Therefore, the degree of the monomial II,, z? is given by the class
of the corresponding divisor ¥;a,,D,, € CH;(X) where D, is the divisor corresponding to the face p; and

CH;(X) denotes the Chow-group of dimension i-cycles modulo rational equivalence.

As explained in [4], X has the homogeneous coordinate ring S = k[z,], which is graded by the Chow
group Ag_1(X) so that a monomial 1,2, has degree defined above. Given a class o € A4 1(X), we let
S denote the graded piece of S in degree «; we write deg(f) = « when f € S,.

We next construct an analog of the form (2.2.1). Fix an integer basis my, ..., mqg for the lattice M. Then,
given a subset I = {p1,...,pa} C X(1) consisting of d elements, we let

det(nr) = det((mi, np, ) 1< <a) -

(np, denote the primitive vectors in the lattice M along the rays p;.) Also set dx; = dx,, A --- Adxy,
and 27 = I,¢;r,. Note that det(n;) and dx; depend on how the p € I are ordered, while their product
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det(ny)dx; does not. Then we define the d-form €2 by the formula
(222) Q= Z det(nl) Li'] dl‘]
|I|=d
where the sum is over all d-element subsets I C ¥(1). This form is well-defined up to £1, the sign depending

on the ordering of the basis my,- - ,mgq. We will call this an Euler form.

Now consider the graded S-module ﬁ‘é =5 -, where € is considered to have degree
Bo =2, deg(z,) = [32,Dp] € Aa—1(X) .

Thus ﬁg ~ S(—f) as graded S-modules. By [4, Section 3], every graded S-module gives rise to a sheaf on

X, and by the sheaf associated to ﬁ‘é is exactly wy = the sheaf of differential forms of degree d. Furthermore,
we can describe sections of wx with prescribed poles as follows: see [3, Proposition 2.1].

Let a € A4_1(X) be the class of a Cartier divisor, and let Y C X be defined by the vanishing of f € S,.
Then

Q0
HY(X,wx(Y)) = {g —:g€ Sa_go} >~ S0_8,

f
If we choose fy, -, fge Sg, then f = fo--- fa € Stqr-1)3. For each ge S(g11y3_3,, we obtain a d-form
B B (d+1)B (d+1)B—Bo
Q
wg=9g——€cwx(UgnN---NU,
g gfofd X( 0 d)

(Here U; is the complement in X of the zero locus of f;.) Hence [w,] defines a class in the Cech cohomology
HY(X,wx) = HYX,wx) for all g. Moreover, if D; = Z(f;), then Z(fo.--- f4) = ¢ ,D; = D. Therefore,
the same wy defines an element of I'(X,wx (D)): see Definition 3.1 below. The toric residue of such an w,
is defined in [3] to be the image of this element under the trace map Tr : H*(X,wx) — k.

2.3. Cartier divisors associated to rational differential forms. Recall a rational differential form is a
global section of the sheaf K(X) ® wx. Choosing a local trivialization of wx by the open cover {U;|i} of X
Ox

with transition functions given by g; ; e I'(U; NU;, O%), this means a rational differential form on X is given
by a collection {(V, f:)|fi e K(V;),i}, where {V;|i} is an open cover of X possibly refining {U;|i} so that on
UiNUj, fi = gi,j.f;. Clearly the same data {(V;, f;)|fi € K(V;), i} defines a Cartier divisor on X which we
call the Cartier divisor associated to the given rational differential form. If w is a rational differential form,
(w) will denote the associated Cartier divisor.

By taking the covering {V;]i} to be also a refinement of the affine open cover defined by the fan, one
may see that wy above is a rational differential form, and that conversely any rational differential form may
be expressed as wy for a suitable choice of g and fo,---, fg. (This observation follows readily from the
construction of the homogeneous coordinate ring of a toric variety as in [4]: see especially [4, Lemma 2.2].)

Q

Definition 2.4. In particular we let weqn = T oo The associated Cartier divisor is clearly the
pex(1)Tp
canonical divisor K = =%, cs1)D).

3. Toric residue codes
3.1. Definition of Toric residue codes.

Definition 3.1. Let X be a smooth projective toric variety as before of pure dimension d defined over a
finite field k, with ¢ = |k*|. Assume that {D;|i = 1,---,d} are d effective divisors whose intersection of
supports contains the discrete set of k-rational points P = {F;|i = 1,--- ,m}. If E is a divisor and £ = O(E)
is the associated line bundle, wx (E) will denote wx ® £. Now

(3.1.1) X, wx(F)) ={wel'(X,K(X) ®oy wx)|(w) + E >0, orw = 0}

Instead of using the map in 2.1 to map this code to k™, we will make use of the following Residue map by
sending the form w to (Resp, (w), -, Resp, (w)). Here Resp,(w) denotes the local Grothendieck residue
of w at P;. We will assume throughout the paper that this map is injective and the parameters of the code
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will be computed under this assumption. This code will be denoted C'(X,wx, FE,P). This will be called the
residue code associated to the line bundle O(F) and the set of rational points P.

3.2. Extension of the Hansen technique to toric residue codes. Henceforth we will make the following
assumptions: the set {P;|i = 1,--- ,m} of rational points are all in the dense orbit and all their coordinates
are non-zero. We begin with the following observation ( see [8, (0.4)]) on residues of rational functions on
an n-dimensional split torus:

Proposition 3.2. Let g1, - ,g94,hek[t1, -+ ,tq] so that the following holds. Let uw < |k*|. For each
i=1,---,d, j=1,---,u, let a;(j)ek*, so that for each i, a;(1), - ,a;(u) are all distinct. Let f =
(f1,--+, fa) e (k*)¢ be a chosen point so that each f; is distinct from the a;(j), 7 = 1,-++ ,u. Let g;(t1,--- ,tq)
be a polynomial chosen in one of the following two ways:

either gi(t1, -+ ta) = IY_; (ti — a;(j)) or
and gi(tr, -+ ta) = Iy (8 — @i (5)) 1L (t; — )

Let P denote any one of the u® points in (k*)* formed by taking as the i-th entry any of the u-points,
a;(1),---a;(u). Then the Jacobian J(g1,--- ,ga)(P) # 0, where P denotes any of the above points. Therefore,

the local residue of the form wy = W at each of the above points P is given by %. In
particular this is non-zero if h(P) # 0 as well.
3.2.1. We may in fact choose h = J(g1, -, ga) so that the local residue at each of the points P; of the form

J(g1,0+,9d)t1-tadti A---Adtq
gi---ga-ti---tq

for the variables t; in terms of the homogeneous coordinates x1, - -+ ,xny (where N = |A(1)| = the number of

1-dimensional rays in the fan A) and by observing that the form w homogenizes to mlf?wN. (See [7,

Theorem 4].) (Observe that the multi-degree in (¢1,---tq) of J(g1, - ,9a)t1---ta = deg(g1.---ga).) Thus

the above form wy defines a global rational differential form, which we denote by @y. Clearly weqn is also a

global rational differential form and Wy = gweqn Where g is the rational function obtained by homogenizing

W It follows that the divisors associated to the form w.q, and @y are linearly equivalent. The

latter restricts to wp on the dense torus, and therefore, has local residue 1 at all the u? rational points P
considered above. Therefore, for computations that involve divisors up to linear equivalence, we may assume
that Resp(wean) = 1 for any of the u? rational points P chosen above. However, the two forms @y and wean
are distinct and we will, in general, distinguish between the two.

wp is 1. One may homogenize the differential form wy = by substituting everywhere

Remark 3.3. Since Wy = gwean, the polytope associated to the line bundle wx (D) & Ox (D+K) is a translate
of the polytope associated to the line bundle wx (D + div(g)) = Ox (D + K + div(g)). This observation will
be used in working with the polytopes for the examples considered in Section 5. The divisor K + div(g) will
be denoted K’ henceforth.

For any divisor F' on X, recall T'(X, Ox (F)) = {f e K(X)|div(f)+F > 0, or f = 0} and that I'( X, wx (F)) =
{wel (X, K(X)®wx)|(w)+ F >0, orw=0}.

Proposition 3.4. Multiplication by the differential form @ induces an isomorphism T'(X,Ox(F + K')) —
INX,wx(F)). Moreover, if F = D—E, (where D = div(g)eo ) for some effective divisor E and f e T'(X, Ox (F+
K/))) ReSPi(f'("_JO) = f(PZ)7 i=1---m.

Proof. Let feT'(X,Ox(F+ K’)). Then div(f)+ K'+F > 0. But K’ is the Cartier divisor associated to &y,
so that (f.0o)+ F = div(f) + (wo) + F > 0. It follows that multiplication by wp sends fe I'(X, Ox(F + K'))
to fope (X, wx (F)). Since one may multiply by 1/f, the bijectivity of the above map is clear. This proves
the first assertion. Let feT'(X,Ox(F + K')) with E as above. Then div(f)o — div(f)eo + D — FE + K +
div(g)o — div(g)ee = div(f)o — E + K + div(g)o — div(f)eo since D = div(g)eo. Therefore, the hypothesis
that div(f) + D — E+ K’ > 0 implies that div(f) is contained in div(g)o which is disjoint from the points
{P;Ji = 1,--- ,m}. Therefore, Resp(fig) = f(P).Resp(wy) = f(P) since Resp(wg) = 1 for all the chosen
points P. This proves the second assertion. ([

The proposition above shows that the residue Resp(fog) = 0 if and only if f(P) = 0 where P is one of
the chosen rational points. Therefore, we obtain the following variant of Hansen’s theorem discussed above.
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Theorem 3.5. Suppose X is a projective smooth toric variety over the finite field k and d = dim X >
2. C1,Cs,...,Cy are irreducible curves on X with k-rational points Py, Ps,--- , Py, distributed over the
curves C;, and which are assumed to be among the u® k-rational points considered above in Proposition 3.2.
Assume there are < b points on each C;, these points are all contained in the dense orbit, and have all
co-coordinates different from zero. For each i = 1,--- ,d, let D; denote the divisor chosen as the closure
of Z(gi(t1, -+ ,ta)) = {(z1, -+ ,24) € GL |gi(w1,- - ,xa) = 0}. (Then NL,|D;| clearly contains the rational
points P ={Pi, - ,Pyn}).

Assume the following hypotheses as well: (i) Let F be a divisor on X and let F' = F + K', where
K' = K + div(g) 1is the divisor considered above in the last Proposition. (ii) Let Z(s) = {Pe X|s(P) =0}
where se (X, Ox (F")), and let

l= sup #{i:C; C Z(s)}
sel'(X,0x (F))

(111) Assume F' ¢ C; >0 for alli=1,--- ,m.

Then the code C(X,wx, F,P) has length m and minimum distance

dZm—lb—ZF’oCi

=1

If F'eC; =6 < N for all i, then
d>m—1b—(n—-1)0

In particular, if X is a non-singular surface, H is a nef divisor on X with H e C; > 0, then
F'eH
< - "
- man{C’l L] H}
Thus if F' e H < C; @ H for all i, thenl =0 and d > m —Y ;" | I’ ¢ C;. Moreover if d > 0 the residue map
I'X,wx(F)) — k™ in Definition 3.1 is injective.

Proof. The proof reduces to the original form of Hansen’s theorem quoted above if one makes use of the
equality that Resp,(s.wg) = s(P;) at all the points P;, ¢ = 1,--- ,m proved in the last proposition. O

3.3. Basic Hypotheses on the choice of rational points. One obvious choice of the set of k-rational
points are all the k-rational points belonging to the open dense orbit: assuming the tori are all split, this corre-
sponds to picking these points to be all the k-rational points in G¢, if dimy(X) = d. This is the common choice
made in the construction of classical codes from toric varieties - see [15]. For the purposes of our construc-
tions below, and especially for the applications to residue codes, it seems nevertheless preferable to consider
a slightly smaller subset of k-rational points chosen as follows. Let k[G%] = k[t1,t; ", ta, t5 -+ ,ta, tgl].
The variable ¢; will also denote the i-th coordinate of a point in G%,. For each rational point aek* and
i=1,---,d, we let D;, denote the divisor which is the closure of div(¢t; — a) in the given toric variety X.
We will often denote this by Z(¢; —a) as well. For a subset J; of the k-rational points forming the i-th factor
of G4,, we let Dj, = ¥, ¢ 5, D; . For each divisor F, we let |F| denote its support.

We choose the divisors as follows. We let J; = k*, for i = 1,---d. Foreachi=1,---,d, we let f;ek*
denote a single chosen rational point. Then we let J; C J; — {f;} be such that |J/| > |k*|/2. In the case D, q
is ample for each i and any aek™*, we let

(3.3.1) Dy =Sqchrjagt, Dia+29_3Dj s, where fi =1 and D = Sgcprjazf, Diari =2, ,d.

(See the first example in Section 5 where this situation occurs.) Otherwise we let
(3.3.2) D; =Dy +%%Djy,i=1,---,d
We let |J]| = n; and also let D} = D;,. In this case, observe that the intersection ﬂ?zl |D;| has at least

(¢/2)? k-rational points in the dense orbit (with ¢ = |k*|) whereas the intersection ﬂ?zl | D;| has more points.
This intersection always contains the point f = (fy, -, f4) when D; is defined by (3.3.2).
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The basic hypotheses we put in both the above cases are the following;:
(3.3.3) DigeV(p)>0,i=1,---.d,

(24_,D;.) e V(p) >0 and
d
() |Di] is finite

i=1

where V(p) denotes any of the d — 1-dimensional cones in the given fan and a e k*.

Remark 3.6. These hypotheses need to be verified on a case by case basis: we show these are satisfied in all
the two dimensional examples we consider in Section 5. The importance of the first two conditions is so that
the next Proposition is true, which together with the last condition enables one to apply Theorem 4.3 as
well as Theorem 4.1. The last hypothesis is automatically satisfied by toric surfaces: now the prime divisors
appearing in each D; are lines and they intersect with the dense orbit in an open non-empty sub-variety.
(Therefore, the set of points on the union of these divisors lying outside the dense orbit is finite.)

Proposition 3.7. Under the hypothesis (3.3.3), each of the divisors D; defined above is ample.

Proof. In case each D;, is ample, it is clear that so is D; = Yaek+laztf; Dia- Next we consider the second
case where D; = D, + X;;Dj r,. Here we make use of the observation that the divisors D;, and D;
are linearly equivalent for any two k-rational points a,be k*. This assertion follows from the next Lemma.
Therefore, Dl [ V(p) = DJ; [ V(p) + Ej;éiDj,fj (] V(p) = |J£|Di1a [ V(p) + Ej;éiDj,a (] V(p) = (EiDi,a) (]
V(p)+ (|J]|—1)D; eV (p) where ae k* is any point. Since (X;D; )@ V(p) > 0 by our hypothesis (3.3.3), it
follows that D; @ V(p) > 0 as well. Therefore, the conclusion follows readily from the toric Nakai criterion:
see Theorem 5.1. (|

Lemma 3.8. The divisor D; ,, is linearly equivalent to Z(x;), for any k-rational point a;.

Proof. First observe that the divisor D,,, = the closure of Z(t; — a;) in X, where t;-denotes the i-th
coordinate on the torus T = an. On homogenizing, this divisor becomes Z(x; — a;¢;) where ¢; are chosen

(zi — aigi)
equivalent to the divisor Z(z;). O

as in 3.4(4) below. Multiplying by the rational function , we see that this divisor is linearly

Remark 3.9. The divisors D) need not be ample in general. This is the main reason for introducing the
divisors D;: see the second and third examples considered in Section 5 where this occurs. The hypotheses
in (3.3.3) are merely convenient hypotheses that will ensure ampleness of the divisors D; as proved above.
Moreover, these hypotheses seem to be verified in the examples of surfaces considered in Section 5 and also
several higher dimensional examples.

We let D’ denote the divisor X' ;D and D denote the divisor £, D;. We let
(3.3.4) P={Pli=1,---,m}

denote the set of points in the intersection of ﬂle |D;| and the dense orbit.

We will denote the remaining points in ﬂle |D;| by {Pm+1,--, Prm}-

3.4. Basic Hypotheses on the toric variety and the line bundle. We will make the following hypothe-
ses throughout the remainder of the paper. The first two are merely observations or notational conventions,
the conditions (2), (3) and (7) are basic hypotheses on the toric variety and on the shape of the corresponding
polytope, while (4) is a condition on the Euler form and (5), (6) are conditions on the line bundle.

(0) Given an n-dimensional toric variety defined over a field k, by taking a finite extension of the field, we
may assume all the orbits are in fact split-tori. Therefore, we will assume, without loss of generality
that for all toric varieties that we consider all the orbits are in fact split-tori. The divisor of zeros
of a homogeneous polynomial p (i.e. an element of the homogeneous coordinate ring of the toric
variety: see [4]) will be denoted Z(p).

(1) The cardinality of k* is denoted c. (Observe that, if k& = Fp for some prime p and s > 1, then
c=p°—1)
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(2) X is a smooth projective toric variety defined over k by the complete fan ¥ C N or equivalently by
the (rational) polytope P C Mg. Let X(1) = {p;]i = 1, -+ N} denote the 1-dimensional cones in the
fan, and let {a;|i = 1,---, N} denote the corresponding variables in the associated homogeneous
coordinate ring of X. We will often denote the divisor Z(x;) by B;.

(3) We will assume that d = dimipX = dimg(Mg). We will also assume that d faces of the polytope
P lie on the coordinate planes in R? = Mg: we may assume without loss of generality these faces

correspond to the variables x;, i =1,--- ,d.
(4) Let (t1,--- ,tq) denote coordinates on the dense torus 7 = G% . On homogenizing the differential
dty N+ ANdt
form ! d using the technique in [7, Theorem 4] in terms of the

527 (6 = a1(7)) -+ T2 (ta — aa(5)
variables z1, - - -z, we obtain a differential form of the form

Q
- - _1 - n :
Ak Yay —a1(§) ) - - I (g — ad(j)pa)zy -y
Here each ¢; is a product of non-negative powers of the variables x4, -+ ,xy and each r; e Z. We

also require that the weight of x; = the weight of ¢;. (In particular, this means, on the dense orbit,
the coordinates (t1,--- ,tq) are given by t; = x;/¢;, i =1,--- ,d.)

(5) We will also assume that the the given line bundle £ = Ox (E), where F is the divisor eqy1(Z (2441 —
ha+1%ay1) + - +en(Z(xy — hyton)) with the variables (i.e. faces) xg41, - ,xn distinct from the
variables x;, 7 = 1,--- ,d, and where 1); is a polynomial in the variables different from x; with weight
of ¥; = the weight of z;. Moreover, h; e k are chosen so that the intersection |E| N (N |D;|) is
empty. We also require e; > 0 for all ¢ and that EfV:dHei >d.

(6) In addition, we require that there exist a section speT'(X, L) of the following form:

in the case where the divisors D; are chosen as in (3.3.1), we require this to be given by
(z2 — fag2)?? - (va — fagpa)?

(Tat1 — hay1ar1)e+r -+ (zn — hypn )y

and in the case where the divisors D; are chosen as in (3.3.2), we require this to be given by
(21 — f191)7 - - (xa — fada)?

(Ta+1 — har1ay1)+ - (an — hnYn)ey

where the f; are chosen as in 3.3 and the {g;|i} are non-negative integers. (Observe that so(FP;) # 0
for any of the chosen points above. This follows from the observation that the points P; have all
coordinates different from f;, i =1,---,d.)

(7) A generic point on the 1-dimensional rays p;, for i = d+ 1,--- , N belongs to the region of Np = R?
with all the coordinates x1,- - , x4, non-positive.

One may see from the examples worked out in Section 5 that these hypotheses are in fact satisfied in many
cases. Observe also that since {P;|i = 1,--- M} C N%_,|D;|, |[E|N{Pi|i = 1,--- M} is empty, i.e. the global
sections of the line bundle £ = Ox(F), viewed as rational functions on X, do not have poles at any P;,
i=1,--- M.

3.5. Generic examples of toric varieties satisfying some of the above hypotheses. We discuss a
class of examples of toric varieties for which some of the above hypotheses are easy to verify. We discuss a
few of these at length in the last section, where we verify all of these hypotheses.

Proposition 3.10. Given d functions gi,--- ,gq as in Proposition 3.2 so that their common zeroes is a
finite set of points in G, there ewists a projective toric variety X such that the divisor D; = the closure
of Z(g;) in X, i =1,---,d, and the divisors D;, i = 1,--- ,d, have as intersection the same finite set of
points {P} = N9_, Z(g;). In particular, one may choose X to be one of the following:(i) (P')?, (ii) P* or
(iii) P (w) which is a weighted projective space with suitable choice of weights.

Proof. There are two obvious possible constructions of a toric compactification. The first is (P!)¢. The second
is P4, Moreover, if the variables ; are weighted by weights w; (not necessarily 1), then the corresponding toric
compactification would be the corresponding weighted projective space. The statement that the intersection
of the divisors D; coincides with the same set of points { P} follows readily from the arguments in [8, (1.3)
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- (1.3")]: it suffices to observe that the leading terms of the polynomials g; satisfy the hypothesis in [8,
(1.3)]. O

The following proposition shows that starting with projective smooth toric varieties satisfying the above
basic hypotheses, one may attempt to produce more examples of such varieties by blowing up along smooth
toric sub-varieties contained in the complement of the dense open orbit.

Proposition 3.11. Let 7 : X — X denote a blow-up of a projective smooth d-dimensional toric variety over
k along some closed T-stable sub-variety. Let D; (D;),i=1,---,d, denote the divisor defined as the closure

of the divisor Z(g;) in the dense torus T in X (X, respectively). If the intersection ﬂ?:l |D;| is contained
in the dense torus T, so is the intersection ﬂ?:l |Dy].

Proof. This is clear in view of the observation that since the center of the blow-up is outside the dense orbit,
the inverse image of the dense torus in X by 7 is the dense torus in X. O

4. Duality results and estimation of parameters

4.1. Duality results. The following theorem is well-known (see [13], [6]) over the complex numbers even
when the divisors are not ample. For the purposes of this paper, it suffices to prove this theorem only when
the divisors D; are ample. We will provide of this theorem that is valid over any field in this case and
making use of the ideas in the proof of Theorem 4.3. Therefore, we sketch a proof only after the proof of
Theorem 4.3.

Theorem 4.1. Let X denote a smooth projective toric variety defined over a field k. Let d = dimy(X). Let
Dy, -+, Dy denote n effective ample Cartier divisors whose intersection is a finite set of k-rational points.
Let w denote a differential form in T'(X,wx (D1 + ... + D,,)), i.e. w has poles contained in X¢_, D;. Then

P ﬂgzl‘Di‘Resm(w) =0

where Res;(w) denotes the local residue of the differential form w at x.

Next we consider some key results on residues which form a converse to the above theorem. Since the
case when X = P? is rather simple and straightforward, we will consider this next. We will assume that
Z1, - ,%d,T4+1 are the homogeneous coordinates on P,

For each i = 1,--- ,d let d; denote a positive integer < ¢ and let B; = E;-l"':lZ(xi —a;i(j)xas1). Let {R;|i}
denote all the k-rational points that lie in the intersection of the supports of all B;, i =1,--- ,d.

Lemma 4.2. (See [25, pp. 36-37].) Let Ry = (R1,1, - ,R1,4), R2 = (R2,1,- -+ , Ra,q4) denote two arbitrarily
chosen distinct points from the set {R;|i} above. Then there exists a differential form m 2 e (X, w(2;B;))
so that Resg, (m2) =1, Resg,(n1,2) = —1, and Resg,(m 2) = 0 for all R; different from Ry and Rs.

_ 1 1
Proof. Weletn; 2 = ((zl/zdﬂ731’1)___(%/%“7&@) - (xl/mdﬂ—R2,1)---(xd/zd+1fR2,d))d(xl/xd-kl)/\' Ad(2g/Tas1)
First the term d(z1/xgq41) A -+ A d(2q/x4+1) is simplified using the quotient rule to md% Next the term
d+1
1 1
simplifies to
(#1/®a11 — R11) -+ (Ta/Tat1 — Ria) (($1/$d+1 — Roa) - (wa/Tas1 — Rz,d))
d
Lit1
(x1 — R11®ay1) -+ (g — R1,a%a+1)
d
T
dl , respectively). Now a key point here is the following: the terms in the
(x1 — Roa®ay1) - (xqg — R2,a%d+1)
numerator that do not contain xgii as a factor will cancel out when the difference
1 1

(#1/Ta41 — Ri1) - (wa/Tar1 — Ria)  (@1/Tar1 — Ra1) - (24/Ta41 — Rooa)

is simplified and written with the common denominator which is the product of the two denominators.

Therefore, all the remaining terms in the numerator will have Ingl as a factor, and this will cancel with the

+1
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a:gi} in the denominator of % Therefore, 71 2 identifies with the form:
d+1
Q
(4.1.1) 9
(x1 — R11%a41)(x1 — Ra1®at1) -+ (g — R1,a%a+1)(xd — Ra2,a%d+1)
where ¢ is some homogeneous polynomial in the variables z1,- -, x4, z4+1. In particular, the poles of this

differential form are contained in the union of the supports of the divisors B;. One may compute the residues
at the points R;, i« = 1,2 and observe these are 1 and —1, respectively. The residues at the other points R;,
1 # 1,2 are clearly zero since the above differential form has no poles at these points. (I

Theorem 4.3. Assume that X is a projective smooth toric variety of dimension d defined over k by a polytope
P satisfying the basic hypotheses as in 3.4. D;, i = 1,--- ,d is a set of effective ample divisors on X and
NL,|D;| = {R;|li =1,--- , M} where each R; is a k-rational point of X. Assume that for each point R;, one
is given v;(R;) e k* so that the sum X;v;(R;) = 0. Then there exists a differential form neT(X,wx(3;D;))
so that Resg,(n) = vi(R;).

Proof. A corresponding result is proven for the special case when X = P? in [25, pp. 36-37], where the
divisor D; = B; as in the last lemma. Since this proof is straightforward we will discuss this next, the
key starting point being the above lemma. Let the total number of the given rational points {R;|i} be
M. For each pair of points R;,, R;, among the given rational points, let 7;, ;, denote the differential form
constructed in the last lemma. We show there exists a rational linear combination of these differential
forms, n = X;, i, i, i, i, satisfying the required properties. Here the z;, ;, are the variables and there are

altogether N = ]\2/[ = W such variables. Taking the residues of the form 7 at the given points R;,
provides us with the following system of M-linear equations in the above variables:
(4.1.2) Ly iy Res gy (M ia )iy iy = vi(Ra)

Yiy i Resr,, iy in)Tiy iy = vm (Rar)

Since each fixed point R; appears along with every other point R; as a pair (R;, R;), and Resg,(n; ;) = 1,
Respg, (1:,;) = —1, one may readily observe the following: (i) the rank of the corresponding coefficient matrix
is M — 1, and (ii) the sum of the rows of the augmented matrix (i.e. the matrix whose first columns are the
coefficients of the variables and whose last column is the right-hand-sides of the equation) is 0. It follows
that the ranks of the augmented and coefficient matrices are both M — 1 so that (4.1.2) has a solution in
EN. This concludes the proof for the case X = P¢ where the divisor D; = B;.

Next we consider the general case. The proof we give now largely follows the proof of the corresponding
assertion in characteristic 0 for general projective smooth varieties worked out in [13, (3.8) Theorem]. We
will show that the same proof carries over to projective toric varieties. A key observation here is that Kodaira
vanishing holds for these varieties in view of the observation that they are Frobenius split: see [2, Chapter
1]. (Though they state their results over algebraically closed fields, one may see that the same arguments
as in the proof of [2, 1.2.9 Theorem]| carry over readily to smooth toric varieties over finite fields. We have
outlined some of the key results on Frobenius splitting over finite fields, in the appendix.)

One begins with the observation that, by Serre duality, one obtains the isomorphism:
(4.1.3) HY(X,wx) =k, H{(X*,wx)=0,i>d

where X* = X — (N;|D;|) = U;(X — |D;]). Therefore, one obtains the exact sequence:
(4.1.4) HNX* wx) = HE p, (X, wx) = HY (X, wx) =k — 0

The term Hg”Di'(X7 wx) identifies by excision with &g, H% (X,wx). Moreover, the map H§ (X, wx) — k
identifies with taking the residue at the point R;. The exactness of the sequence in (4.1.4) now shows that if
viek,i=1,---, M are such that ¥;v; = 0, then there exists a class qSeHd*l(X*, wx ) so that if ¢; denotes
the image of ¢ in sz%i (X,wx), then the local residue of ¢; at R; equals v;, i = 1,---,m. Therefore, in
order to complete the proof of the theorem it suffices to show that there exists a global differential d-form
Qe HO(X,wx (2%, D;) that maps to the class ¢ by the map in (4.1.7).
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Next we make use of the hypothesis that each of the divisors D; is ample. Making use of the observation
that projective smooth toric varieties are Frobenius split (see [2, Chapter 6]), this implies that

(4.1.5) H'(X,wx(Dj, +---+D;,))) =0, i>0

for any subset {i1,--- ,ip} of p-elements in 1---d. Next we make a complex out of {wx (D;, 4+ D;,)|1 <
i1, -+, < d} as follows. The term in degree ¢, for 1 < ¢ < d, is given by @;, ¢ 5 |5/=qwx (Di; + - +
D;,) where the sum varies over subsets S of {1 < iy,---,i, < d} with cardinality ¢. The differential

d: @ij €S,|5|:qF(U, wX(Dil + -+ Diq)) — ®jk€T,\T\:q+1F(U7 wx(Djl + -+ qu + qu+1)) is given by
+1 :
5(041'17'“ Jig )jlw“ Jar1 T EZ:Q(_I)kajl,... T sdat1 with the form ST TRRITIY RO S

contained in Dj, +---+ Dj;_ + D; Since the above argument already appears in [13, (3.8) Theorem], at

Jq+1-"
least in the case of complex varieties, we skip the proof that this defines a complex. This complex will be

denoted wx (D).

viewed as a form with poles

We proceed to show that the above complex is acyclic on X* by constructing a chain null-homotopy of the
above complex. It will follow that the complex wx(D,) provides a resolution of the sheaf j.(w|x«), where
j : X* — X denotes the obvious open immersion. Let x denote a fixed point of X*, and let ¢ denote an
index 1 <t < dsothat ze X — |Dy|. Let ae @, ¢ 5,5/=¢ ['(U,wx(Ds;, +---+ D;, ), where U C X — |Dy| is
an open neighborhood of z. Let 0(a) e @©;, e 1, j7|=q—1 ['(U,wx (Ds, + -+ D;,_,)) be defined by

(416) e(a)l17”' A1 = Ol lga
Observe that the form ayy, .1, , e (U, wx(Dy + Dy, + -+ Dy, ) 2 T(U,wx(Dy, +---+ Dy,_,)) since
U C X_|Dt|7 Therefore, 0: @ij eS,\S\:qF(Ua WX(DZ'1+' ' +D1q)) - ®ij eT,|T|:q—1F(Ua WX(Dil +-- '+Diq71))'
Now it suffices to show that do 8+ 6o d = id: this is readily checked using the definition of 8. (Observe that
this argument is very similar to the argument for the exactness of the Cech resolution of a sheaf constructed
using an open cover.)

It follows from the above arguments that the i-th cohomology of the complex I'(X,wx (Ds)) computes
the cohomology H*(X*,wx). Since the complex wy (D,) terminates with w(X%_; D;), it follows that one has
a surjection

(4.1.7) H(X,wx (2L, D;)) — H7HX* wx) =0
This completes the proof of the theorem. (I

Proof of Theorem 4.1. Let w denote a differential form in I'(X,wx(Dy + ... + Dyg)), i.e. w has poles
contained in ¢, D;. As shown above w defines a class in H4~}(X* wy) which maps to ®p, H(X,wx).
The latter map is sending w to (Resp, (w)|é). The proof of the last theorem (see the exact sequence in (4.1.4)),
now also shows that the sum ¥;Resp, (w) = 0. This completes the proof of Theorem 4.1. [J

Remark 4.4. The statement that global residue is zero for an w as in Theorem 4.1 will follow from the
definition of the residue as a Cech form as in [3], but the statement that the sum of the local residues is also
zero does not seem to follow this way. The authors are not aware of any other proof of this statement that
holds in all characteristics.

Throughout the remainder of this section, we will assume that the basic hypotheses 3.3 and 3.4 hold. In
particular {Py,--- , P, } will denote the points chose as in (3.3.4).

4.2. The example of projective spaces.

Proposition 4.5. Assume in addition to the above hypotheses that N = d+ 1 (where N is the number of
variables in the homogeneous coordinate ring of X: see 3.4(2)), the divisor E = eqi1Z(xq41 — x1), and
that the weight of each z;, i = 1,--- ,d is 1. Assume further that the divisors D, are all ample and that
Dy = Yerrjazf D1a + E?ZQDJ-J].,DZ- = Yackraztfi Dia,i = 2,--+,d. (This situation occurs in the first
example considered in Section 5.)

Then there exists a section seT'(X, L) so that the following conditions are satisfied:
(1) div(s)o S [Dar,|
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(2) s is reqular at all the points {P;|i =1,--- ,m}

(3) div(s)ee = E
If eqy1 > d, there exists a section se'(X, L) so that instead of (1) above, div(s)o C |Da s, + -+ Da,yz,]-
Proof. Tt follows readily that each ¢; = w441, where ¢; is as in 3.4(4). We let s = % In
this case it is clear that s(P;) # 0 at all the chosen points P;, i = 1,--- ,m, div(s)o C |Dg,r,| and that

- . — g2... — 9d
div(s)so = E. Alternatively one may choose s = &2 fﬂ‘z;ﬁlizgﬂ;ﬁdﬂd”“)

with g; > 1 chosen in such a

way that ©¢ ,g; = eqy1. (In this case one may also verify that the intersection N%_,|D;| has only one point

outside the dense orbit which is the point with homogeneous coordinates [1: 0 : ... : 0]. This point is not in
the support of E. This is discussed in more detail in the first example considered in Section 5, for the case
d=2) O

Corollary 4.6. Under the same hypotheses as in the last Proposition the following hold:

(i) There exists a section te I'(X, L) so that the conditions (1) and (2) in the last proposition are satisfied
and div(t)s = 2E.

1) There exists an we (X, w(X;D; + 2Dy ¢, — 2F)) so that Resp,(w) # 0 for all the chosen (rational
fa i
points P;.

Proof. In order to prove (i), we may choose t = s where s is the first section chosen in the last proposition.
Then the required hypotheses on ¢ are easy to verify.

Next we consider (ii). One starts with a differential form w’ e I'(X,w(X%_;D;)) chosen as in the proof of
Theorem 4.3 so that Resp,(w’) # 0 for all the points P;, i = 1,--- ,m. Let ¢t denote a section of £ chosen as
in (i). Now we let

(4.2.1) we oY

In view of Proposition 4.5 clearly w belongs to I'(X,wx (D1 + - -+ + Dgq + 2Dq,f, — 2E)). Since the support
of E is disjoint from the support of {P;]i = 1,--- ,m}, t is regular at all points of {F;|i}. ¢(P;) is nonzero by
assumption at the points P;. Therefore, Resp, (w) = ResPi(‘;’—;) = Re:(%i_gf) # 0 at each P;. i.e. Resp,(w) #0
for each point P;. O

We will return to the general situation, i.e., where the divisors D; are chosen as in (3.3.2), for the remainder
of this section.

4.3. The modified evaluation and residue codes associated to an effective divisor E. Let £
denote an ample line bundle on X associated to an effective divisor E. Now £ = O(FE). Let s denote
a section of L. We send any such section s to (s(Py),s(P1) - ,8(Pn),s(Pn),$(Pm+1), -+ ,s(Pa)) e kM.
Letting P = {P1,---, P, }, we define the code C(X, E,P) to be the image in £ by the evaluation map
s+ (s(P1), - 8(Pm), - ,8(Pu)), of the k-subspace {se (X, L)|s(P;)) =0,i =m+1,--- ,M}. In view of
the fact that the last M —m coordinates are zero, one may view the code C(X, E,P) as a sub-space of k™.

Assume t_hat the divisors D;, ¢ = 1,--- ,d are chosen as in (3.3.1). In this case we let_Dl =Di+Dy f,+- -+
Dy, and D; = D;, i = 2,--- ,d. Therefore, the sum %;D; + %% ,D; 4, = %;D; and | D;| = | D, for each i so
that (_, |D;| = N, |D;|. Consider C(X,wx, E,P) = {ae (X, K(X)@ wx)|[(@)+D+2E,D; 5, —E > 0},

X
where wyx denotes, as before, the sheaf of top-degree differential forms on X. We call this the the modified
residue code in this case.

Assume next that the divisors D;, i = 1,---,d, are chosen as in (3.3.2). Let o denote a permutation
of 1,---,n so that o(i) # i for all i. Now let D; = D; + Do(iy fyy» © = 1,-++,d. Therefore, the sum
Y4 D;+ %L Dy g = %L D; and |D;| = | Dy, for each i so that ﬂ?zl |D;| = ﬂ?zl |D;|. In this case we let
C(X,wx,E,P) = {aeI‘(X,K(X)(S@ wx)|(@) + D+ %L D; ;, — E > 0}, where wx denotes, as before, the

X
sheaf of top-degree differential forms on X. We call this the the modified residue code in this case.

Definition 4.7. We define Res : O(X,wx, E,P) — k™ C k™ by sending
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aeC(X,wx,E,P)— (Resp,(a), -+ ,Resp, («),0,---,0).

Definition 4.8. Let we (k*)™. For a code C' C k™, we define
(4.3.1) Ct ={zek™|S;wirsy; =0 for any ye C}

In case w; = 1, for all i, we will denote C;> by C*.

Proposition 4.9. Assume the above situation. Then Theorem 4.1 implies that the image of the code
C(X,wx, E,P) (defined above) under the residue map Res above is contained in C(X, E,P)*.

Proof. We will explicitly consider only the proof in the second case where the divisors are defined as in (3.3.2),
and the other case is similar. The key observation is that in both case |D;| = |D;| for all i = 1,--- ,d. Let
feC(X,E,P). Recall from above that f(P;) =0, foralli=m+1,--- ,M. If ae C(X,wx, E, P), then the
product fa has poles contained in (J_, |D;| = Ui, |Di|, so that Theorem 4.1 and the observation above
show the sum

(4.3.2) Ypenr, 1D Resp(fo) =Xy 1y Resp(fa)
=Y, \p:| f(p)Resy(a) = 0.
In particular, we may replace Resp,(«) by 0 for all i = m +1,--- , M. The required conclusion follows. O

Remark 4.10. One may now use this result to provide a lower bound estimate for the dimension of C'(X, E, P)*.

Under the above hypotheses we obtain the following corollary to the last Proposition.

Corollary 4.11. (i) Assume the above situation. Given any sequence {r;ek|j =1,---,m} with the property
that

Y f(pj)r; =0 for any global section feC(X,E,P),

there exists a differential form w'e C(X,wx, E,P) so that Resp,(w') =r;,i =1,--- ,m. (The diisor D, y,
is defined in 3.8.) (ii) Therefore, the residue map defined in Definition 4.7 sends C(X,wx, E,P) onto
C(X,E,P)*t.

Proof. Consider the sequence {r;so(FP;)|i = 1,---,m}, where sq is the chosen section in I'(X, £), chosen
as in 3.4(6), i.e. so(P;) # 0 for all 4 = 1,--- ,m. Define r; = 0 for all j = m + 1,---, M. Next recall
soe K(X) so that div(sg) + E > 0, where £L = Ox(E). Since r; = 0 for all j = m + 1,---, M, clearly
the sum ¥;7;50(P;) = 0 (where the sum is taken over all the k-rational points in the intersection NZ_ ;| D;)
so that by Theorem 4.3, there exists a differential form we (X, wx (X%, D;)), with Resp, (w) = riso(P;),

i =1,---, M. Now consider the differential form w’' = ;“—0; since sg is regular and does not vanish at each

point P;, i =1,--- ,m, it follows that Resp, (w') = ResPi(%) = Rjj@g_(;”) =7 4 =1,---,m. The hypotheses

on w and sp show that w’ e (X, wx (X%, D; + 3¢ ,D; 1, — E)) = C(X,wx, E,P) in case the divisors D; are
defined as in (3.3.1), and that w’e I'(X,wx (2L, D; + X%, D; 4, — E)) = C(X,wx, E,P) in case the divisors
D; are defined as in (3.3.2). This proves the first statement, and the second is clear. ]

Remarks 4.12. 1. Even if the residue map in Definition 4.7 is not necessarily injective, this is enough to
provide an estimate for the width of the code C = C(X, E, P)=*.

2. Observe that for the evaluation code above, we only consider sections feT'(X, L) so that f(P;) = 0,
foralli =m+1,---, M. For the residue codes we also send P; to 0k, i =m +1,---, M. Therefore, we
may restrict just to the first m coordinates, and assume both the evaluation and residue maps map into k™.

Corollary 4.13. Under the basic hypotheses as in 3.4 and 3.3 there exists a differential form
L«J1€O(X,WX,2E,P)

so that Resp,(w1) # 0 at all the chosen rational points {P;|i =1,--- ,m}.
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Proof. Observe that C(X,wx,2E,P) = ['(X,wx (3L D; + 2L ,D; 4, —2E)) in case the divisors are defined
asin (3.3.1), and = (X, wx (X¢_; D; + X¢ , D; t, — 2E)) in case the divisors D; are defined as in (3.3.2). We
will consider explicitly only the second case, the first being similar. Choose a sequence r;ek*, i =1,--- ,m
so that X7, 7;s5(P;) = 0. Then there exists a differential form wj el(X,w(X¢ ,D;)) so that Resp,(w}) =

. 4 Resp, (w] .
ris3(P;), i = 1,---,m. Next let w3 = ‘:—é Now Resp,(w1) = %&;1) =7, 1 =1,---,m. Clearly

wiel(X,w(E4 D; + 3L Dy 4, — 2F)). O

Theorem 4.14. Let we k™ be defined by w; = Resp,(w1) where wy is the differential form chosen as in
Corollary 4.13. Let C = C(X,E,P)L defined as in (4.3.1). Then C 2 Ck.

If ¢ = 2™ (for some n > 0), any element of Fy is a square, in particular, w; = vZ for some vielFy. Let
v = (v1,...,0,) and let g, be coordinate-wise multiplication by v = (v1,...,v,). Then the code C' = g,(C)
(which is equivalent to C') has the property C' D C'* with respect to the standard inner product on Fgn.

Proof. Since the second assertion is clear, we will only prove the first. If g1, g2 e (X, £), then
w.g1.92 EF(X,UJ(Dl + ...+ Dd + 2?21D17j1>)

Observe that the intersection of the supports of the divisors ﬂ?zl |D;| = ﬂ?zl |D;| = P = the original set of
rational points as in 3.3. Now Dy + -+ Dg+ XL D, 4, = 24| D;. Tt follows that if g1, g» denote sections
of C = C(X, E,P), i.e. sections of I'(X, £) that vanish at the points P41, -, Pas:

SM Resp,(w)[91(Pi)g2(P)] = Ep cna b, Resp(w)[91(Pi)g2(P)] = Ep cndp, Resp, (w.g1.92) = 0.
Since g1(P;) = g2(P;) =0 for alli =m +1,--- , M, we may observe that the last equality implies

ST Resp, (w)[g1(Pi)g2(Pi)] = 0. O

4.4. Estimation of the parameters. For the rest of the paper we will assume that ¢ = 2™ for somen > 0.
Next we proceed to estimate the parameters of the codes C' = C(X, E,P)*. For the sake of simplicity we
will restrict to the case where X is a toric surface: the higher dimensional case will be dealt with elsewhere.
Clearly the length of all these codes is m= the number of chosen rational points. The dimensions of these
codes may be estimated as follows: given a line bundle £L = Ox(F) (associated to the divisor E and)
generated by global sections, one may readily compute the dimension of its global sections as the number of
lattice points in the corresponding polytope P. Let this be denoted |P|. Recall the vector space C'(X, E,P)
is the subspace {seT'(X,L)|s(P;) = 0,i = m+1,--- ,M}. Since the map s — s(P;) is a k-linear map of
k-vector spaces, one may then estimate the dimension of C'(X, E,P) as follows:

(4.4.1) P > dim(C(X, E,P)) > |P| - (M —m)
Therefore, the dimension of the dual code C' = C(X, E,P)* may be estimated as
(4.4.2) dim(C) > |P|— |P| = m — | P|

Finally one makes use of Theorem 3.5 to compute the distance of the code C. In view of the above results
the distance of the code C'is bounded below by the distance of the code C(X,wx, E, P). Therefore, it suffices
to show that the hypotheses of Theorem 3.5 are in fact satisfied by the code C(X,wx, E,P). We proceed
to show this presently.

Let cl(Z(t; — a;)) denote the closure of Z(¢; —a;) in X. Observe that the curves C; as in Theorem 3.5 that
contain the rational points are given by C,, = cl(Z(t1 — a1(j1))) for a;(j) e k*. Clearly there are ¢ possible
choice of these points and hence such curves.

Proposition 4.15. Assume the 1-dimensional rays p;, for i = 3,--- ,N (in the fan of X ) belong to the
region of Ng = R? with the coordinate x, non-positive as in the hypothesis 3.4 (7). Let C denote any of the
curves Cy, as above. (i) Then the intersection numbers C @ Z(x;) > 0 for alli=1,---N and C ® Z(x2) > 0.
(i1) Consequently the intersection numbers C'e (D — E+ K) > 0 provided ¢ is sufficiently large in comparison
with ez, --- ,en and is chosen as in 3.4. Therefore, in this case, the hypotheses of Theorem 3.5 are satisfied
by the code C(X,wx, E,P).

Proof. In view of Lemma 3.8, it suffices to consider the intersection numbers C e Z(x;) = Z(x1) o Z(x;).
Now we make use of the computation of the intersection numbers as in the example in [23, p. 80]. In case
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i > 2, then these are either 0 or 1 depending on if the rays corresponding to the toric divisors Z(x1), Z(x;)
form a 2-dimensional cone in the fan of X or not. Therefore, if ¢ > 2, the above intersection numbers are
clearly non-negative. Recall also that Z(x1) e Z(x2) = 1 by the hypotheses in 3.4(3). Now it suffices to
consider the case where ¢ = 1. Using the standard conventions used for defining the homogeneous coordinate
ring of a projective toric variety (see [4]) we will use the variable z; also to denote the corresponding 1-
dimensional ray in the fan. In this case the computation of these intersection numbers proceeds by finding
one dimensional cones p’ and p” so that the cones x1 + p’ and z1 + p” are both 2-dimensional cones in the
fan of X so that n(p’)+n(p”)+ain(z1) = 0. Here, n(n) denotes the primitive element in the lattice N along
the 1-dimensional cone n and a; is an integer. Observe that at most one of the two cones p’ and p” can be
the cone x5. Therefore, the other cone must be one of x3, x4, -+ ,xy. At this point, the first hypothesis
in the proposition implies that the integer a; above must be non-negative. Since the intersection number
Z(x1) ® Z(x1) identifies with the number ay (see [23, p. 80]) the first conclusion of the proposition follows.

Next we consider the second statement. For this, observe first that the dimension of X (i.e. d in the
above theorem) is now 2 and by 3.3, the number of rational points {P;} is m > (c¢/2)%.

The divisor F' (F’) in Theorem 3.5 is now given by D — E = ¥?_,D; — E (D — E + K, respectively).
Since K is linearly equivalent to K/, Ce (D —E+ K')=Ce (D — FE+ K).

Recall D = Dy 4+ Ds, where D;, i = 1,2 is defined by either (3.3.1) or (3.3.2). In either case, one may
see readily that C e (D — E + K) > (¢/2)(C o (Z(z1) + C o (Z(x2)))) — N 4(e; + 1)(C ® Z(z;)). Now the
intersection numbers above may be computed using (i): observe that C' e Z(z;) for i = 3,--- , N are either 0
or 1, all of C'e Z(z;) > 0 for i = 1,2 with at least one of them positive. Moreover, Z(z1) e Z(z;) > 0 for only
one of z;, i = 3,--- , N. Therefore, the intersection number C' o (D — E + K) > 0 if ¢ is sufficiently large in
comparison with ez, -+, exn. This completes the proof of the proposition. ([

To complete the determination of the distance of the code C(X,wx, E,P), it suffices to estimate the
number [ in Theorem 3.5 and the intersection numbers C,, (D — E+ K). Apart from the following general
techniques that we will use in computing the parameter [, this will be handled on a case by case basis and
several examples are worked out in detail in the next section.

Proposition 4.16. Assume the basic hypotheses in 3.4 and that X is a toric surface. (i) Let R, S denote
two effective divisors on X so that if R=Y._|R; and S = Y7L, S;j with R;, S; the corresponding irreducible
components, the {R;} are all distinct from the {S;}. Let feT'(X,Ox(S — R)) so that it vanishes identically
on the irreducible curves Cy,--- ,Cp in X, and so that all the C;s are distinct from the prime divisors R;s.
Then fel(X,0x(S— R — Elecj)).

(ii) Let F' = D+ K', where K' = K +div(g), and where g is the homogenization of the rational function
J(gl,... 7gd)t1...

9g1---9d
Ci,---,Cp in X, and so that all the C;s are distinct from the prime divisors E; in E and the prime divisors in

K. Then the rational function fgeT(X,Ox(D—%"_C;— E+K)) (and hence also inT'(X,Ox(D—E+K)).

Proof. (i) The main observation is that the following conditions are satisfied: (i) since f vanishes identically
on the curves C; and on the (components of the) divisor R, and the curves C; are all assumed to be distinct
from the divisors R, div(f)o = B + X¥_,C; + R where B is effective, and S — div(f)s > 0. Therefore,
divf —=%Y_,C; — R+ S = div(f)o — div(f)ee — X5_,Cj — R+ S > B > 0. This proves (i).

t
< Suppose feT(X,0x(F' — E)) so that it vanishes identically on the irreducible curves

i) Recall from 3.2.1 that the rational function g is the homogenization of L@l s9ati=ta Ginee the iS
g 3 g

are defined as in Proposition 3.2, one may observe that D = div(g)e. Therefore, (ngﬁ}) +D+K —E=
div(f) + D + K + div(g) — E = div(f)o — div(f)eo + D — div(g9)se + div(g)o + K — E = div(f)o + K —
E + div(g)o — div(f)e > 0. Since the divisors C; do not appear as prime divisors in E or K, and since f
vanishes identically on C;, i = 1,- -+, p, it follows that div(f)o — X?_,C; + K — E + div(g)o — div(f)e > 0
and div(g)o > div(f)s. This proves div(f)o — div(f)eo + div(g)o — div(g)ee — Xt_1Ci+ D+ K — E > 0, i.e.
div(fg)— X _Ci+ D+ K —E >0. O

Remark 4.17. In [15], a variant of (i) in the last Proposition is used when R was trivial, i.e. S— R is effective.
Then there are no assumptions on the curves. In the present formulation, we need to assume that the curves
C; are all distinct from the divisors R; so that there is no possible cancellation among these.



18 ROY JOSHUA AND REZA AKHTAR

Lemma 4.18. (i) Let R = Eé—le(xl —a1(j)#1), R=1Z(x1) and let S denote any divisor on X. Then the

assignment f — fm defines a bijection T'(X,0x (S — R)) — I'(X,0x(S — R)).

(it) Let R = S ge; Z (x5 — hjby), R = esZ(xs) + X} qe; Z(x; — hyjib;) and S denote any divisor on X.
€3

Jj=

Then the assignment f +— f(ws_iw defines a bijection T'(X,Ox (S — R)) — I'(X, Ox (S — R)).

(ii) Let S = X7 Z(x1 — a1 () ¢1) + 272 Z (22 — az(j) d2), S =miZ(x1)+maZ(z2) and let R denote any
T (zi—aa (§) )Y

divisor on X. Then the assignment f +— f.H s (2= 02(7)92) defines a bijection T'(X,Ox (S +
_ Ty "Iy
R)) - T'(X,0x(S+ R)).

Proof. (i) It g = f#ﬁn(])gﬂ’ then it is clear that div(f) = div(g) — 1Z(x1) + X5, Z(2z1 — a1(j) ;).
j=1 J —
Now substituting this into div(f) +S — R > 0 proves that div(g) + S — R > 0. This proves (i).

"Eeg . . . .
(ii) If g = f.mz=pigsyes> then it is clear that div(f) = dzv(g) — e3(Z(x3)) + esZ(x3 — hstbs). Now
substituting this into div(f) + S — R > 0 proves div(g) +.S — R > 0. This proves (ii), and the proof of (iii)
is similar. g

Remark 4.19. In case 13 = 21 and ¢; = x3 (as occurs in the second and third examples considered in the
next section), one may choose hz = 1. Since we have already assumed hj3 is different from all the a;(j), this
will ensure that the {E;} and {F;} are all distinct as required in the Proposition 4.16 above.

5. Examples

In this section we consider several examples of toric surfaces: projective spaces of dimension 2, projective
spaces of dimension 2 blown up at a point and Hirzebruch surfaces. In all of these cases, we will let X denote
the toric surface over which the code is defined, E will be an effective divisor and P = {Py,--- , Py, } will be a
collection of k-rational points all chosen as before. We will let the ground field k = Fon for some n. The goal
of this section is to complete the explicit determination of the parameters of the dual code C = C(X, E,P)*
in the above examples.

Recall that that the cardinality of k* is ¢ by assumption. In the first example, there are exactly (c — 1)
rational points P; at which one takes the residues of the sections sewx(E). Therefore, the length of the
code is (c —1)2.

An important observation that we use in computing the various intersection numbers is the following toric
Nakai criterion: see [23, Theorem 2.18].

Theorem 5.1. Let X denote a non-singular projective toric variety over a field k of dimension d. Then a
divisor D on X is ample if and only if the intersection number (D o V(7)) > 0 for the closed sub-variety
V(1) of X associated to a d — 1-dimensional cone in the fan of X.

We will verify the criterion (3.3.3) in each of the following cases for the divisors defined there: in view of
the above theorem it will follow that the divisors D;, i = 1,2 are ample.

Example 5.2. Py with £ = Op,(r) = Op,(F). Here the fan is given by e; = <(1)>, ey = (O), and

1
e3 = —ej; — eg. The homogeneous coordinate ring has three variables x; corresponding to each of the e;
. .. . . . 0
which are divisors. We choose the polytope with vertices given by the vectors vi = 0) V2= (g and

vy = (2) for a fixed positive integer r. Now the inward normals to the faces of the above polytope will

be the vectors ej, es, and e3 = —e; — e3. This polytope corresponds to the line bundle Op,(r) on Ps so
that dimI'(P3, £) = the number of lattice points contained in the above polytope (including its boundary).
Clearly this will work out to be (r + 1)(r + 2)/2. Therefore, the dimension of the resulting code denoted
C(X, E,P) above is bounded below by (r + 1)(r +2)/2 — 1.

We proceed to verify the basic hypotheses in 3.4 and 3.3 are satisfied. The intersection numbers Z(z1) e
Z(x1) = Z(xz) @ Z(x2) = 1 and Z(z;) @ Z(x;) = 1 if i # j. It follows readily from this computation
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that the divisor D;, = cdZ(t; — a) = Z(x; — axg) is ample for each i = 1,2, and aek*. Therefore,
the hypotheses in (3.3.3) are satisfied. Observe that E = rZ(x3 — x1) (which is linearly equivalent to
E=rZ(x3)), D1 = E;;}Z(xl —a1(j)z3) + Z(x2 — foxs), D2 = Z;;iZ(xg —as(j)xs) where k* = {a;(j)|j =
1,---,c}, ie. a;(c) = fi, i = 1,2. Observe that K = —Z(x1) — Z(22) — Z(23). One may also observe that
|D1]| N | D3| — (the open orbit) = the single point with homogeneous coordinates [1 : 0 : 0] so that M = m +1
in this case. Clearly this point is not in |E|.

One may verify readily that the hypotheses in (3.4) (0) through (3), (5), and (7). are satisfied. We let sg =
(z2 — az(c)z3)" dti A dts

(w3 — 1)" I (= an (7)) 0527 (82 — aa(j))

which shows the hypothesis in 3.4(4)

: one can verify readily this satisfies 3.4(6). The form

Ig1+n2—5Q

025 (21 — ax (f)2s) T1027 (2 — az(j)s)
is also satisfied. The same section sg, provides a section a s that satisfies the hypothesis in Corollary 4.5. In
this case div(s)g = Da s, and div(s)ec = E.

when homogenized becomes

Next we let s = % Now div(s)o = 2Ds, s, and div(s)ec = 2E. By Corollary 4.6, there exists a

differential form w € I'(X,w(D1 + D2 +2D5 5, —2F)). Now it is straightforward to verify that Resp,(w) # 0
for any point P;, i = 1,--- ,m. It follows that the above section satisfies the hypotheses in Corollary 4.6.

Next observe that D = E;;%Z(a@l —a1(j)ws) + X5_1 Z(x2 — az(j)xs). Therefore, D + K — E is linearly
equivalent to (¢ — 2)Z(z1) + (¢ — 1)Z(x2) — (r + 1)Z(x3). Therefore, the corresponding support function h
(see [23, p. 72]) is given by h(e;) = —(¢—2) = —c+ 2, h(es) = —(c—1) = —c+ 1, and h(e3) =r+ 1. It
follows that the corresponding polytope is given by P = {meMg| < m,e; >> —c+2,<m,es >> —c+1,<
m,es3 >> r + 1}. Therefore, P has as faces the lines 1 = —c+ 2, 29 = —c+ 1, and —x; — 22 = r + 1: see
figure below.

\
T =1rc+2  TIrkae = - -

Now there are exactly (c—1)? rational points P; at which one takes the residues of the sections s e I'(X, wx (D—
E)). Therefore, the length of the code is (¢ — 1)2. The chosen rational points all lie on the curves,
Z(x1 — a1(j)zs), a1(j) e k*. Next suppose there are [ (0 < I < ¢) such divisors so that a nonzero ratio-
nal function feTl'(X,Ox(D 4+ K’ — E)) vanishes identically on these [ curves. i.e.

(503) dZ’U(f)Q — Z((,Tl — al(j)$3)) Z 0

forall j =1,--- 1. (One may want to observe that this is equivalent to Resp, (w) = 0 for all k-rational points
P; on these curves, when w = gweqn, with ge (X, Ox(F)). First an application of Proposition 4.16(ii) will
show that I'(X,0x(D+ K — E — Eé—le(xl —a1(y)zs))) # {0}. (Recall that f; =1 by our hypotheses, so
that all the a1(j) # 1 and therefore the hypotheses of this proposition are satisfied.) Now an application of
Lemma 4.18(i) with R = Eé»:lZ(ajl —a1(j)xs), R=1Z(x1), and S = D+ K — E will show that I'(X, Ox (D +
K — E —1Z(x1))) # {0}. Next we apply Lemma 4.18(iii) with S = D = Dy + Dy, R= K — E — 1Z(x1),
and S = (¢ —1)Z(x1) + cZ(x3) to conclude that T'(X,Ox((c — 1) Z(x1) + cZ(x2) + K — E —1Z(x1))) # {0}.
Another application of Lemma 4.18 (ii) with S = (¢ — 1)Z(x1) + ¢Z(z2) + K — 1Z(x1), R = rZ(z3 — x1),
and R = rZ(x3) will show that T'(X,0x (D + K — E —1Z(x1))) # {0}. i.e.

(5.0.4) I'(X,0x((c =2)Z(x1) + (¢ = 1) Z(22) — (r +1)Z(x3) — 1Z(21))) # {0}
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This shows that if f is a section that vanishes on the [ lines as in (5.0.3), then there is a global section
simultaneously for the line bundle corresponding to the above polytope and also for the line bundle corre-
sponding to the polytope associated to the divisor (¢ —2—1)Z(x1)+ (¢ —1)Z(x3) — (r +1)Z(z3). The latter
is a polytope with the left vertical side on the line x = —c¢+ 2 4+ 1. Therefore, we need —c+2+1<c—r—2
(where (¢ — r — 2, —c+ 1) is the right-most vertex of the polytope above). This is equivalent to

(5.0.5) [ <2c—r—4<2c—r

Next we proceed to compute the intersection numbers (D + K — E —[.Z(x1)) ® (Z(x1))). As observed
above, D + K — F is linearly equivalent to (¢ — 2)Z(x1) 4+ (¢ — 1) Z(2z2) — (r + 1) Z(x3). Therefore, one may
compute the intersection number (D + K — E —1.Z(x1)) o (Z(x1))) tobe (c—2—1).1+ (¢—1) — (r + 1).
It follows that the number of zeroes of f is bounded above by

let(c=1—-2)1+(c—1)—(r+1)<lct+c—1—-2+c—r—2=Il(c—1)+2c—7—4<2c%—rc—4.

Next we will let r and ¢ be such that

(5.0.6) 5/4(c—1) >r >9/8(c—1).
Therefore, one may compute the dimension and distance to be bounded below by
(5.0.7) dimension(C) > (¢ — 1) — (r + 1)(r +2)/2 > 7/32(c — 1) = 15/8(c — 1) — 1

distance(C) > 1/8¢* — 25/8¢ + 5

In order to obtain a good family of codes, we may proceed as follows. Now we choose a fixed algebraic clo-
sure k of k and run through all finite extensions of k inside k. Recall ¢ denotes the number nonzero elements
in the ground field k: we can let ¢ — oo by running through all finite sub-fields of k. At the same time we also
let » — oo with r and ¢ satisfying the relations in (5.0.6). Therefore, the ratio dimension(C)/length(C) is

bounded below by 7/32 which is also the limit l ]lli(rg) dimension(C)/length(C) = 7/32. Similarly the ra-
engt —00

tio distance(C')/length(C') is bounded below by 1/8 which is also the limit l }1}(12) dimension(C)/length(C) =
engt —00

1/8. Therefore, it is easy to see that we obtain a good family of codes this way, just from Ps.

We conclude this example by computing the dimension of the code T'(X,wx(D — E)) explicitly and
comparing that with the dimension of the code dual to T'(X,Ox(E)), under the assumption that k¥ = C.
Though this is not needed for estimation of the parameters of the code, we hope that this computation
will shed some insight into the duality results we obtained earlier in this section. First observe that D — FE
is linearly equivalent to (¢ — 1)By + ¢By — rBs, where B; = Z(z;). By Serre-duality, one observes that
I'(X,wx(D—FE)) = H*(X,0x(rBs — (c—1)B; — cBy))V = @M(H%(h,m) (Ng;C)V)e(m), where Z(h,m) =

me
{neNg| < m,n >> h(n)}, and h is the support function associated to the divisor rBs — (¢ — 1)B; — ¢Ba.
(See [23, p. 75].) Therefore, for H%(h,m) (Ng; C) to be non-trivial, one needs Z(h,m) = {0}, and in this case,
Hé(h)m) (Ngr; C) = C. Now observe that the support function h associated to the line bundle Ox (rBy — (¢ —
1)By — ¢By) is given by h(e1) = ¢ — 1, h(ez) = ¢, and h(e3) = —r. Therefore, on the cone o1 (spanned by
e and e3), h(ae; + bey) =< c(eY) + c(e2)V,a.e; + b.es) = c¢(a + b) — a. Similarly on o2 (spanned by e,
and e3) h(aes + b.e3) = ac — rb and on the cone o3 spanned by e; and ey, h(aes + be1) = —ar + be — b.
If m = zeY + yey, one may compute < m,ae; + bex >= ax + by, < m,aes + bes >= —b(z + y) + ay, and
< m,aes + bey >= —a(r + y) + bx. Therefore, in order that the condition Z(h,m) = {0}, we need the
following three inequalities to be satisfied for all @ > 0 or b > 0:

(5.0.8) ar+by <ca+cb—a, in the cone o
ay —b(zx+y) <ac—rb, in the cone o2
—alx+y)+br<—-ra+bc—>b, in the cone o3

Clearly we may choose 0 < x < ¢—1 and 0 < y < ¢ so that the first inequality is satisfied. We may let b =0
to conclude from the second inequality that y < ¢ and by letting a = 0, b # 0 there to conclude r < x + y.
From the third inequality we may conclude similarly that x < ¢ and that » < x + y. The required region
satisfying all the above inequalities is now the triangle with vertices (¢ —1,¢), (r—¢,c) and (c—1,r —c+1).

Therefore, one may conclude that the dimension of the k-vector space I'(X,wx (D — E)) = M On
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the other hand, the dimension of the k-vector space which is the dual code of I'(X,Ox(FE)) is given by
(c—1)2— w It follows that if ¢ is sufficiently large in comparison with r, the dimension of the dual
code is smaller than the dimension of the code I'(X,wx (D — E)), though both are O(c?). (This also provides
an independent confirmation that the residue code computed using I'(X,wx (D — E)) is in general larger
than the dual code: we had proved earlier in Theorem 1.2 that the first maps surjectively to the latter.)

Example 5.3. Next we consider a projective space of dimension 2 with a point blown up as follows. Now

we will consider the refined normal fan consisting of the vectors u; = ((1)), uy = ((1)), usz = <_1), and

(%) ‘1

We next consider the polytope with vertices vi = (8), vy = (6), vy = (T ; S), and v4 = (2) Here

r,s > 0, and 7 > s. As before, each of the four faces of this polytope corresponds to a variable in the
homogeneous coordinate ring with x; corresponding to the ray u;. The toric variety X is obtained by
blowing up a point on the projective space Po. One may compute CH;(X) = Z @ Z. Therefore, in the
homogeneous coordinate ring of the toric variety, the variables have the following weights:

(5.0.9) weight of 1 and x3 = (é) ,

weight of xo = (?) , and
. -1
weight of x4 = < 1 >

Clearly the basic hypotheses in 3.3 are satisfied.

Next observe that h(u;) = 0fori = 1,2, and h(uz) =< (r B S) , <:1> >= —r, h(uy) =< (2) , <_01> >=
—s. Therefore, E = rZ(z3) + sZ(z4).

We proceed to verify that the basic hypotheses in 3.3 and 3.4 are satisfied. Observe that n = 2 and
N = 4 in this example. We replace the divisor E by the linearly equivalent divisor 7Z(z3 — x1) + sZ(z4):
henceforth we will denote this divisor by E. Observe that since this is linearly equivalent to the divisor
rZ(x3) + sZ(x4), the global sections of the corresponding line bundle are isomorphic to the global sections
of the line bundle corresponding to the latter. We require r + s > 2. In this case the irrelevant ideal is
generated by x3xy, x124, 122, and zoxs. Making use of this fact, one may make the following observations:
The only points of intersection for two divisors Z(z1 — cx3) and Z(x2 — dxszy), with ¢,d # 0 and ¢ # d are
in the dense orbit. Two divisors Z(x; — cz3) and Z(xz1 — dxs) for ¢ # d do not intersect. The only point
of intersection for two divisors of the form Z(z3 — axszy) and Z(x3 — brszy), with a,b # 0, a # b are the
points with homogeneous coordinates xo = 0 = z3 and 1 # 0, 24 # 0. By the action of the torus G2,
these identity with a single point in the toric-variety under consideration. The intersection |D;| N |Dz| has
exactly this point in addition to the points in the dense torus, so that M = m + 1, in this example. The
two coordinates on the dense torus will be denoted (t1,t2): observe that t; = x1/x3 and t3 = xo/(z3.24). In
this case we choose the subsets J| = k* — {f1,1}, f1 # 1 and J) = k* — {f2}. i.e. We need to remove two
points t; = f; and ¢; = 1 from the t;-axis. We only remove the point to = fo from the t5-axis. Observe as
a result, that m = (¢ — 2)(c — 1) = ¢ — 3¢ + 2 in this example.

Z(x1) =1, Z(x1) ® Z(34) =
) =0, Z(zs) @ Z(x3) = 0,
3. )are satisfied.

Now one may compute the intersection numbers Z(x1) @ Z(x1) = 0, Z(x2) ®
1, Z(m) » Z(s) = 0, Z(z2) ® Z(w3) = 1, Z(z3) » Z(w2) = 1, Z(w1) » Z(z2
Z(x4) @ Z(x3) =1 and Z(x4) @ Z(x4) = —1. It follows that the cond1t1ons in (3

Next one may readily verify all the hypotheses (1) through (3) in 3.4 are satisfied. Observe that |J{| =
|k*| — 2 and |J5| = |k*| — 1 in the definition of the divisors D;, i = 1,2. Denoting by (t1,?2) the coordinates
on the torus 7' = G2,, and homogenizing using the technique in [7, Theorem 4], one sees that the differential
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dty A dty 226-6,c-30
form —— - = — transforms to —— 3 4 - . Moreover, one may
23 (1 — an(4))- 152 (2 — a2(4)) =i @1 - (G)ea)Il; (v2-a2(5)zaza)
verify that the weight of z; = the weight of z3, and the weight of xo2 = the weight of x3.x4. The weight
of zhz] = " ; S> which is also equal to the weight of (x1 — a123)"~%.(x2 — asxsz4)®. These verify the

(z1 — frws)" " (x2 — fowsay)®

(w3 — x1)"2]
denote the chosen points. Clearly this section does not vanish at any of the points P;,¢ = 1,--- ,m since the
coordinates of these points are all different from f;. Recall also that r+ s > 2 by our assumption. Moreover,
the arguments in the paragraph above show that indeed the intersection N7_;|D;| N |E| is empty. We have
therefore verified the hypotheses (5) and (6) in 3.4. The hypothesis (7) there is obviously satisfied since the
rays corresponding to x3 and x4 are chosen as above. Therefore, it suffices to estimate the parameters of the
resulting code in this example.

hypothesis (4) in 3.4. Now we may choose sg = , where f; e k* and hsek*

Now one may compute the number of lattice points in the above polytope to be (s + 1).(r — s/2 + 1).

Next we consider the divisor D: we will choose this as in (3.3.2). Let T’ denote the two dimensional split
torus G2, and we will denote (t1,t2) denote coordinates on this torus. The divisor D will be of the form:

(5.0.10) N3l Z(t — a1(4))) + cl(Z(ta — f2)) + Z521el(Z(t2 — a2(j))) + d(Z(t — f1))

Upon homogenizing using the technique in [7, Theorem 4], and making use of the weights of the variables as
in (5.0.9), we obtain the following formulae for the divisor obtained by taking the closures of each Z(t;—a;(j)),
t=1,2and j=1,--- ¢, respectively:

(5011) E;;%Z(Il — a (j)xg) + Z({EQ — f2I3$4) + E;;iZ(IQ — ag(j)I3$4) —|— Z(Il — flzg)

As shown above this is linearly equivalent to

(5.0.12) (c—1).2(z1) + cZ(w2)

The divisor D + K — F = Dy + Dy + K — E is linearly equivalent to (¢ — 2)Z(x1) + (¢ — 1)Z(x2) —
(r+1)Z(x3) — (s+1).Z(z4). Using the computation of the intersection numbers between the various toric
divisors above, one may compute the intersection number (D + K' — E) e Z(z1) = (D + K — E) ¢ Z(z1) to
bec—1—(s+1).

Next we proceed to estimate the parameter [ as in Theorem 3.5. Therefore, suppose there are I (0 <1 < ¢)
curves Z(x1 — a1(j)xs), j = 1,---,1 (with a;(j) € k) so that a non-zero rational function feT'(X,Ox(D +
K' — FE)) vanishes identically on these curves. i.e.

(5013) dZ’U(f)O - Z(Il - al(j)Ig) Z 0

forall j =1,--- 1. First an application of Proposition 4.16(ii) shows that I'(X, Ox (D+K — E—X4_, Z(x; —
a1(j)xs))) # {0}. (Observe that all the aq1(j) # 1 so that the hypotheses of this proposition are satisfied.)
Now an application of Lemma 4.18(i) with R = Eé-:lZ(:zrl —a1(j)rs), R=1Z(z1) and S = D+ K — E will
show that I'(X,0x (D + K — E — 1Z(z1))) # {0}. Next we apply Lemma 4.18(iii) with S = D = Dy + D,
R=K—-FE—1Z(r))and S = (¢ — 1)Z(x1) + c¢Z(x2) to conclude that I'(X, Ox ((c—1)Z(z1) +cZ(z2) + K —
E —1Z(x1))) # {0}. Another application of Lemma 4.18 (ii) with S = (¢ — 1)Z(x1) + c¢Z(z2) + K — 1 Z (1),
R =rZ(x3 — h3z1) + sZ(z4), and R = rZ(x3) + sZ(z4) shows that

(5.0.14) D(X,0x((c = 2)Z(x1) + (¢ — 1) Z(x2) — (r + 1) Z(x3) — (s + 1).Z(x4) — 1Z(21))) # {0}

Next we proceed to compute the support function associated to the divisor (¢ —2)Z(z1) 4+ (¢ —1)Z(22) —
(r4+1)Z(xz3) — (s+1).Z(x4). This support function h (see [23, p. 72]) is given by h(e1) = —(¢—2) = —c+2,
h(ez) = —(c—1) = —c+ 1, h(eg) =r + 1, and h(eq) = s+ 1. It follows that the corresponding polytope is
bounded by the faces which are the lines 21 = —c+2, 2o = —c+ 1, 29 = —s— 1, and —z; —x2 = r + 1: see
figure below.
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The polytope corresponding to the line bundle in (5.0.14) has its first vertical face moved from x; = —c+ 2
to 1 = —c+ 2+ 1. Since the global sections of the bundle is non-empty as shown by (5.0.14), it follows that
—c+1l+2< —r—1+c—1, and hence that

(5.0.15) 1<2c—1r—4

Therefore, the number of k-rational points at which f vanishes is bounded above by lc + ¢ — s —2 <
2¢? —rc—4c+c—s—2 < 2¢®2 —rc—3c—s. Henceforth we keep s, r so that ¢/5 > s > ¢/6 and 2¢ > r > (3/2)c;
then 2c? —rc—3c—s < (1/2)c2 —3c—1/6cand 2 —3c+2— (s+1)(r—s/2+1) > (37/60)c* — (307/60)c+ 1.
Therefore, we may compute the parameters of the code C = C(X, E, P)* as:

(5.0.16) dimension(C) > ¢* —3c+2 — (s +1)(r —s/2 + 1) > (37/60)c?* — (307/60)c + 1
distance(C) > ¢* —3c+2 —2c* +rc+3c+s>c*/24 (1/6)c + 2

One can see that letting ¢ — oo (i.e. taking larger and larger field extensions of k), and keeping r and s
as above, we obtain a good family of codes this way.

Example 5.4. Next we begin with P»(1,1,2), a weighted projective space of dimension 2 where the weights
are (1,1,2). This is a toric variety with one singular point; its fan is given by e; = (O)’ ey = (?), and
e3 = —e; — 2ey. If we resolve the singularity by blowing up the singular point, the resulting nonsingular
variety is precisely the Hirzebruch surface Fy, that is, the total space of the Op: (—2)-bundle over P!. This
the variety we consider in this example. The fan for X = F5 is the refined normal fan consisting of the

1 0 -1 0
vectors u; = <0>, u; = <1>, uz = <_2>7 and uy = (_1)

We consider the polytope with vertices v; = <8), vy = <20T), vy = <2r ; 28) and vy = (2) Each

of the faces of this polytope corresponds to a variable in the homogeneous coordinate ring of Fy with x;
corresponding to the ray u;. Now one may compute the number of lattice points in the above polytope to
be (s +1)(2r — s+ 1). We will let the line bundle on X corresponding to this polytope be denoted L.

Next observe that h(u;) = 0 for ¢ = 1,2, and h(us) =< <2T;2S) , <:;> >= —2r, h(w) =<

<2) , <_01> >= —s. Therefore, the above polytope corresponds to the divisor 2rZ(x3) + sZ(x4). We

will replace this by the linearly equivalent divisor F = 2rZ(x3 — 1z1) + sZ(x4).
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Observe that CH;(Fy) = Z @ Z. Therefore, one may now compute the weights of the variables z; to be
as follows:

(5.0.17) weight of 1 and z3 = <(1)> )

weight of xo = <(1)> , and

weight of x4 = <_12>

Now one may compute the intersection numbers Z(z1) @ Z(x1) =0, Z(z2) @ Z(x1) =1, Z(x1) @ Z(x4) =
1, Z(x1) @ Z(x3) = 0, Z(x2) @ Z(xa) = 2, Z(x3) @ Z(x2) = 1, Z(x4) @ Z(x2) = 0, Z(x3) @ Z(x3) = 0,
Z(xq4) @ Z(x3) =1, and Z(z4) @ Z(x4) = —2. One may show using these computations that the hypothesis
in (3.3.3) is satisfied. In this case also we choose the subsets J; = k* — {f1,1}, f1 # 1, and J; = k* — {f2}.
i.e. Denoting the coordinates on G2, by (t1,t2), with ¢; = 21 /w3 and ta = x2/(2%24), we need to remove two
points t; = f; and ¢; = 1 from the #;-axis and the point to = fo from the ts-axis. Now |E|N|D1|N|Dy| =0
(= the empty set). Moreover, in this case also m = (¢ —2)(c—1) = c® —3c+2and M = m + 1 as in
the last example. (Here Dy (Ds) is given by the sum of the first (¢ — 1)-terms in (5.0.18) (the sum of the
remaining terms in (5.0.18), respectively). We skip the detailed computation of the intersection |D1| N |Ds|
which proceeds as in the last example, since the irrelevant ideal is the same.) In view of these, it is clear the
basic hypotheses in 3.3 are satisfied.

We proceed to verify that the basic hypotheses in 3.4 are also satisfied. Observe that n =2 and N =4 in
this example. We will assume that r + s > 2 so that all the hypotheses (1) through (4) in 3.4 are satisfied.

Denoting by (t1,t2) the coordinates on the torus T' = G2, and homogenizing using the technique in [7,
dt1 Adto 23 "257RQ
—a1).(ta—a2) zlfalxg)(ngagxgxél) :

one may verify that the weight of x; = the weight of z3 and the weight of 5 = the weight of z%.z4. The

Theorem 4], one sees that the differential form @ transforms to i Moreover,

weight of z3"z§ = (27“ ; 2S> which is also equal to the weight of (71 —a123)%"~2°.(z2 — azx3z4)°. Therefore,

2r—2s 2 s
we may choose sg = (11—fws()m7x1.)(;2x—sfzw3z4) , where f; e k* denotes the chosen point. Clearly this section
E 4
does not vanish at any of the points P;,7 = 1,--- ,m since the coordinates of these points are all different
from f;.

We have verified the hypotheses (5) and (6) in 3.4. The hypothesis (7) there is obviously satisfied since
the rays corresponding to x3 and x4 are chosen as above. Therefore, it suffices to estimate the parameters
of the resulting codes in this example.

Next we consider the divisor D: we will choose this as in 3.3.2. Let T denote the two dimensional split
torus G2, and we will denote (¢1,%2) denote coordinates on this torus. The divisor D will be of the form:

(5.0.18) S23el(Z(t — a1(4))) + cl(Z(ta — 1)) + B2y cl(Z (b2 — az(j))) + cl(Z(t — 1))

Upon homogenizing using the technique in [7, Theorem 4], and making use of the weights of the variables
as in (5.0.17) we obtain the following formulae for the divisor obtained by taking the closures of each
Z(t; —ai(j)),i=1,2,and j = 1,--- | ¢, respectively:

(5.0.19) Ej;fZ(:cl —a1(j)x3) + Z(xo — coxiay) + chiZ(:zrg —az(j)a3xs) + Z(x1 — c123)

j=

As shown above this is linearly equivalent to
(5.0.20) (c=1)Z(x1) + cZ(x2)

Now D+ K —E = D1+ Ds+ K — E is linearly equivalent to (¢—2)Z(z1)+ (c—1)Z(x2) — (2r+1)Z(z3) —
(s+1).Z(x4). Now one may compute the intersection number (D + K’ — E)e Z(x1) = (D+ K — E) e Z(x1)
tobec—1—(s+1)=c—s—2.

Next we proceed to compute the support function associated with the divisor (¢—2)Z(z1)+ (c—1)Z(z2) —
(2r+1)Z(x3) — (s+1).Z(z4). This support function h (see [23, p. 72]) is given by h(e1) = —(¢—2) = —c+2,
h(ez) = —(¢c—1) = —c+1, h(eg) = 2r + 1, and h(eq) = s+ 1. It follows that the corresponding polytope is
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bounded by the faces which are the lines 1 = —c+ 1, 29 = —c+ 1, 29 = —s — 1, and —x1 — 229 = 2r + 1:
see figure below.

o+ 2x2>a<1

0

\
> T9g=—c+1 \&\:20—%—3

Next suppose there are I (0 <1 < ¢) curves Z(x1 — a1(j)zs3), j =1,---,1 (with a;(j) € k) so that a nonzero
rational function feT'(X,Ox(D + K’ — E)) vanishes identically on these curves. i.e.

(5021) dZ’U(f)O - Z(Il - al(j)Ig) Z 0

for all j = 1,---,l. Now an argument as in the last example will show that —c+ 2 + 1 < 2¢ — 2r — 3, and
hence that

(5.0.22) [<3c—2r—5

Therefore, the number of zeroes of f is bounded above by lc +¢—5—2 < 3c¢? —2rc —b5c+c—s—2 =
3c¢? — 2rc — 4c — s — 2. Henceforth we keep s so that ¢/10 > s > (1/12)c and (6/4)c > r > (5/4)c so that
2 —3c+2—-3%+2rc+4c+s+2>1/2¢ + (13/12)c+4 and (¢* =3¢+ 2) — (s + 1)(2r — s+ 1) >
(2 =3c+2)— (5 +1)(Bc— 5 +1) = iLc? — 3Ble 4 1. Therefore, we may compute the parameters of the
code C = C(X,L,P)* as:

(5.0.23) dimension(C) > (17/24)c* — (361/60)c + 1
distance(C) > ¢* =3¢ +2 =3¢ +2rc+4c+s+2>c*/2+ (13/12)c+ 4

One can see that letting ¢ — oo (i.e. taking larger and larger field extensions of k), and keeping r and s
as above, we obtain a good family of codes this way.

6. Application I: construction of quantum stabilizer codes from toric varieties

We will begin by reviewing briefly the construction of quantum stabilizer codes from codes containing
their dual codes. The construction of quantum codes as stabilizer codes is now a well-developed technique for
producing quantum codes: see [12] for a detailed account. Moreover, the technique of producing stabilizer
codes starting with a classical code containing its dual is now well-known: this is the so-called Calderbank-
Schor-Steane technique as developed in [10] and [28].

We will presently provide a brief outline of some of these to make the paper self-contained. We start with
a triple D' O D D D+ of binary codes, i.e. over the field Fy, where D is an [n, k, d]-code containing its dual
D+, and D' is a larger [n, k']-code with ¥’ > k 4+ 2. Let G be a generator matrix of D, and let G’ be a

matrix such that (G is a generator matrix for the code D’. Denote by d), the second generalized weight

G/
of D’ | i.e., the minimum weight of the bit-wise OR of two different nonzero codewords. Form the code
G 0
C C F3" with the generator matrix | 0 G | where the matrix G” is obtained from G’ by by permuting
G/ G//

its rows so that no row stays in its place. Fix the following Fy-linear isomorphism between F2" and F}' by
map ping (211, ..., Tn, Y1, s Yn) 0 F5" to ((x1,91), -, (Tn,yn)) in (F3)", and then identifying F5 and Fy
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by (0,0) = 0,(0,1) = €,(1,0) = € (1,1) = 1. The image of the code C' under this map is F C Fy* . Its
parameters have been estimated in [9, Section 2]:

(6.0.24) krp=k+k and
dr > min(d, d,)

Moreover, one defines a symplectic form w on F as follows. Let = (ay,...,an,b1,...,b,) and 2/ =
(al,...;al, b],...,b,). We choose the above identification between Fj' and F3" . In the basis of F3" the

form w is defined by w(z, ") = X%_;a;b} +a’;b;. Then it is shown in [9, Section 2] that F' O F*“ = the words
in F}' orthogonal to all the words in F' using the form w.

The parameters of the corresponding quantum stabilizer codes have been computed in [9, Corollary 1]
and they are:

4

3
(6.0.25) ko=Fk+k —n, dg>min(d,dy) > min(d, 7)

Next one starts with codes C' and C* over the field Fy: with Ct C C. Symbol-wise expansion, i.e.
expressing a point of F52: with respect to the standard basis of the Fy-vector space Fhe:, produces two
binary codes D and D*. Then it is known that D+ C D and also that D+ is the binary dual of the code D.
If the code C has parameters, n, k and d, then the parameters of D are easily seen to be given by np = 2t.n,
kD = 2t.k and dD Z d.

On the other hand, the technique of producing classical codes starting with algebraic curves defined over
a finite field is now well-known, having originally developed by Goppa. A way of combining all of the above
to produce quantum stabilizer codes starting with algebraic curves defined over finite fields was worked out
in the relatively recent paper [9, Section 4]. Here a key role is played by the residue theorem for curves (see
[17, Theorem 7.14.2]) to produce classical codes D’ O D O D= as needed in the construction of quantum
stabilizer codes discussed above.

In the rest of this section we will adapt the standard algebraic-geometry constructions of codes that
contain their dual codes and quantum codes: the basic constructions so far have been done only for curves
making use of the classical residue theorem for curves (as in [17, Chapter III, Theorem 7.14.2]). In the place
of this classical residue theorem, we will use the results on toric residues we proved in the last two sections.
What is required is a triple C’ D C' D C* of codes defined over Fy¢ with good parameters.

6.1. Choice of divisors. We will choose two effective divisors F and E’ so that E' < E: for example if
we choose E as in 3.4(5), then we may let E' = e}, Z(x441 — hat1¥ay1) + - + ey Z(zn — hyyn) where
e} is a non-negative integer 1 < e} <e;,i=n+1,---,N. Clearly C(X,Ox(E"),P) C C(X,0x(E), P), and
hence C(X, Ox (E'), P)* D C(X,Ox(E),P)*. Therefore, we will then let C' = C(X,Ox(E'), P)*.

Next we will apply this to the two examples worked out in the last section.

Example 6.1. The projective space P? with a point blown-up. In this case we chose positive integers
r,r’, 8,8, so that 2¢ > r > 1/ > 3/2c and ¢/5 > s > s’ > 1/6¢. Therefore, the parameters of the
corresponding quantum stabilizer codes are given by

(6.1.1) kg =2t.(k+ k' —n) > 2t((37/60)c* + (37/60)c? — (307/60)c — (307/60)c + 2 — (c* — 3¢+ 2))
(6.1.2) = 2t((14/60)c* — (434/60)c)

dg = min(d,3/2d) > c¢*/2 + (1/6)c + 2
Example 6.2. The Hirzebruch surface F. In this case we chose positive integers r,7’, s, s’, so that

6/4>r>1" >5/4c and ¢/10 > s > s’ > 1/12c. Therefore, the parameters of the corresponding quantum
stabilizer codes are given by

(6.1.3) kg =2t(k+ Kk —mn)>2t((17/14)c* + (17/14)c* — (361/60)c — (361/60)c + 2 — (c* — 3¢+ 2))
(6.1.4) = 2t((10/24)c* — (271/30)c)
dg = min(d,3/2d") > ¢*/2 + (13/12)c + 4
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Remarks 6.3. 1. Unfortunately, the polytope structure for Py seems to be such that no construction of
quantum stabilizer codes seems possible using it. Here the main difficulty seems to be the shape of the
polytope, which has only three faces: the first formula in (6.0.25) seems to require a bit more flexibility on
the polytope so that the parameter kg will be positive.

2. The above constructions do not yet yield a good family of quantum codes. The difficulty is because
c = 2% — 1 in this case, ng is (essentially) the same as 2t.c> when t and c are large and because dg (as
above) does not involve an extra factor of 2¢. Therefore, while the ratio kg /n¢g remains bounded away from
0 as t — o0, the ratio dg/ng does go to zero as t — co. We plan to consider these issues in detail elsewhere:
see [18] and [19].

7. Application II: Decryption of toric evaluation codes

So far the only decryption technique that seems to be known in the toric context is for the dual codes
associated to toric evaluation codes, and not for the toric evaluation codes themselves. The reason for this
restriction is that one needs to know a parity check matrix for the code in question, which for the dual code
associated to a toric evaluation code is the generator matrix for the toric evaluation code. For the toric
evaluation codes themselves, the parity check matrix would arise as a generator matrix for the dual code.
The explicit construction of toric residue codes provides generator matrices for these toric residue codes.
Corollary 4.11 then shows that these provide generator matrices for the duals of toric evaluation codes.
Clearly these are parity check matrices for the toric evaluation codes. Now one may apply the standard
technique discussed, for example in [16, Chapter 6]. This will be explored fully elsewhere.

8. Appendix: Frobenius splitting

In this section we will summarize some of the key results on Frobenius splitting over finite fields that we
have used in the body of the paper. Most of these appear in [2, Chapter 1], where they are only stated over
algebraically closed fields.

Let X denote a regular scheme of finite type over a field k of characteristic p. Let F': X — X denote
the absolute Frobenius morphism, i.e. it is the identity on the underlying topological spaces and is the p-th
power map on the structure sheaf. X is Frobenius split if there is an Ox-linear map ¢ : Fi.(Ox) — Ox so
that the composition ¢ o F# is the identity map of Ox. (Here F'# : Ox — F.(Ox) is the obvious map.)
One may observe that the splitting map ¢ is nothing but an endomorphism ¢ : Ox — Ox of the sheaf Ox,
viewed only as an abelian sheaf, and satisfying: (a) ¢(fP.g) = f.¢(g), f,9e Ox and (b) ¢(1) =1. If Y is a
closed subscheme of X defined by the sheaf of ideals Z, ¢ compatibly splits Y if ¢(F.(Z)) =Z.

Proposition 8.1. (See [2, 1.3.11 Proposition|.) Let X denote a regular and projective scheme of finite
type over the field k and of pure dimension d. If there exists o e H(X, w)_(l) with divisor of zeros (o) =
i+ +Yy+ Z where Y1, -+, Yy are prime divisors intersecting transversally at a point x, (i.e. there exists
a reqular system of parameters t1,--- ,tq with t; defining Y; locally at x) and Z is an effective divisor not
containing x, then o?~te H(X, w;(_p) splits X compatibly with Y1,--- ,Yy.

Corollary 8.2. (See [2, 1.3.E.6].) Let X denote a regular toric variety for a torus T over k so that all the
T-orbits are split tori. Then X is Frobenius split compatibly with the boundary divisor of X, which will be
denoted 0 X .

Proof. Let d = dimy(X) and let ¢1,- - ,tq denote the coordinates on T' coming from the d-factors G, in T'.
Let § = dapndla ¢ [10(X, wx (5X)). Thus 0 = 6~ e HO(X,wy') and (0)o = Y1 + -+ + +Yy where the Y;
are the prime divisors in 6 X. Now the last proposition applies. O

Remark 8.3. By considering base-change to a finite extension of the given field, we may always assume that
the T-orbits are all split tori. Therefore, the hypotheses above are satisfied by all regular toric varieties after
possibly a base-change by a finite extension of the base field.

Corollary 8.4. (Kodaira vanishing: see [2, 1.2.9 Theorem].) Let X denote a projective, regular toric
variety over a field k so that all the T-orbits are split tori. Let £ denote an ample line bundle on X. Then
H{(X,L®wx)=0 for alli > 1.

Proof. First HY(X, L") = 0 for all v >> 0 and i < dimg(X) — 1 by Grothendieck-duality: see [1, (1.3)].
Now Frobenius-splitting implies that H*(X, £™') is a split summand of H*(X, £L~P") for any positive integer
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v. This implies HY (X, L™ ') = 0 for all i < dimy(X) — 1. Finally Serre-duality (see [1, (1.2)]) shows

H'(X,LRwx) =0 foralli>1. O
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